- o 3. | 3 * 1 1 
F , FI. * ns ED) OOO 0 
— — 
* 2 5 ey 6 
» a i 
- 
1 - 
. 
* 
A 
- 
; * 
F * 
+ 4 
* 
« 
- 
> 
* ; 
a 
„ 
: 
* 
7 
: F*" 
| ; SAS 
„ . y 
* 
; 
. 
2 h 
>, ; 
4 - 
- - 
i / » 
. 
. 
. 
| _ 
— 
. 5 
P 
: 
. 
o 
# 
4 
2 * 
- 
% 
- 
. . 
- 
4 4 
» 
* 
5 J * 8 
- 
1 * 
” 
— 
7 - 
- 
* 
2 * 
* 
- 
2 


* % 


- 
4 
3 
7 
Io 


Par bt 
* 


1 
2 * 
* 
* 
* 
5 
PR 
5 
FE 
7 A 


4 
FA 
* 
4 
3 


8 
4 * 
% 
* a” 

4 
* 

* 
1 . 

; 

- 


n ” 
- 
” 
7 
4 
n 4 
FI 
TR 
on 
. 
To» — 
— 8 


* 
: 
* 
i * 
* > 


U 
* 
* 
# 
. 
wy 


5 
we 
* 
2 


* 


- 
F 


r . 
n EIN > V "4 — 5 - 2 N 5 
5 * * . : 2 ; 
__ , * 8 


* 
Fg 


7 


arne? 


„ 


* ww” 
3 3 
LSE () 


= 
* 


>. 
* 


1 


2 c 
des. of 1 Ne 


— 


r 


" 
Ye ah 
18 * 


my" 
* 


1 "£3 BE "AF THE LATE © 2 
= DA ROBERT SIMSON,, /- 
Profeſſor of Mathematics in the Univerſity of ( of Glaſgow, | -Þ 


3 . * * : 
+» & © * „ 4 * . * * * . © 2 — * * ” 4 & ry 4 * d 
3 * * 3. 


| * 2 0 © Lhe T 
* N : 1 ” * W @ a+ = $ * 8 L 6 5 1 * „ "TY ye * 8 
OE , % 8 „ Vo \ 1 " . * ö G 1 1 11 P th, | 


Tranſit Re 6.15 e Original 


- 
d ; f 4 . 
"1 8 4 1 1 1 , . 
. os * 2 8 b 
I 28.4 $2 lis. | a 999, e f g fi ; 
75 g " 2. rn a 1 2 - : > 


4 

8 | Fa 

For the uſe g 
55 


1 2 * . 


EDINBURGH: . 15 
printed for James Dicx30n, and WII IIA Unten 
Sold, in London, by T. Cabs LL, and G. G. 
J. & J- Rommeon. N 
ie been 9 


by 
5 
ö ; ; 
. i | 
* : : 
* 
: 
* 
0 
- AJ 2 
- 
; 5 1 
3 - 
; / * 
— 
- 
þ 8 : 
7 232 
# * f 
l 
ff a * 
1 f 5 
. * * 
4 LA i ; 
5 
/ 
- er + 4 
* F 2 < 
©C 2 \ 5 
L 
* 2 ; ; 
2 
* * F n : 7 
"5 p . 
© 4 7 1 
f * 
* — 
CIOS. * 1 A 
5 8 * 9 - « - 
K 5 
* 
* 7 * 
e 
8 > o 
—— Y 
5 * g 
ö 


f 
, 


* — = 
1 n 
o 


SK... 


A emma 


8 4 Y Ts 1 2 Wh 
my U 
: 
7 
* 
p 
P 
, 
— 


r HT I + 


” * 
e - 
; 4 
a 1 
- 
S 0 FA 
LE $4 ts ee % 


Entered in Stationers Hall according 
10 Att of Parliament. 


5 , 


ADVER TISEMENT. 


T ux firſt three books of Dr Sim- 
ſon's treatiſe of the Cox ic Sxe- 
' TIONS are tranſlated into Engliſh, 
with a view to facilitate the ſtudy 
of the higher Geometry. Theſe 
books contain as much of the doc- 
trine as uſually enters into an aca- 
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DEFINITION S. 


Straight line AB, and C a point Fig. 1. 
without it, are given in poſition. 


1. 


On the plane of ABC, there is placed a ru- 


ler DEF, having its ſide DE applied to AB, 
and its other ſide EF on the ſame fide of 
AB with the point C. A firing FGC is 
taken equal in length to EF: and one end 


of this ſtring being fixed in F, and the o- 
A ther 
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ther in C, a part of it FG is, by means of 
a pin G, brought cloſe. to the fide FE of 
the ruler; then, the ſtring being kept uni- 
formly tenſe by the pin, the ſide DE of 
the ruler is moved along AB: And thus 
the point of the pin, as it moves onwards 
with the ruler, deſcribes upon the plane a 
line, named the PARABOLA. This line 
may be extended to a. diſtance from the 
point C, exceeding any given diſtance, pro- 
vided the length of the ſide FE of the ruler 
employed, be greater Waun that * diſ- 
tance. 
II. The Araight line AB 1s e the 
directrix | 

III. And the oclath C is named the focus 
of the parabola, K 
IV. A ſtraight line papeadicitir to the 


dlrectrix, is named a diameter; and the 


point where a diameter meets the para- 
bola, is named the vertex of that diameter; 
and the diameter which paſſes through the 
focus, is named the axis of the parobola; 
and the vertex of the axis is named the 
principal varies. 

5 V. When 


N 0 
/ » & 
- 5 — 
z - 


; . ; 
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5 V. When a ſtraight line terminated 
both ways by av parabola, is biſected by a 
diameter, it is faid to be ordinately applied 


to that diameter; or, it is named, u 7 


an ordinate to that diameter. 

VI. A ſtraight line quadruple: of that 
ſegment of a diameter which is intereept- 
ed between its vertex and the directrix, is | 
named the latus rectum, or the PN 
of that diameter, 
VII. A ſtraight line meeting a dls 
only in one point, and which, when pro- 
duced both ways, falls without the para- 
bola, is ſaid to touch the en in thas 


point. 


PROPOSITIONI, Tuzonen, = 

A ſtraight line drawn perpendicu- 
lar to the directrix from any 
point of a parabola, is equal to 
the ſtraight line drawn to the 
focus from that ſame point. 
| Let 
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Ng 1. Let G be a point in the parabola, and 


GE a ſtraight line perpendicular to the 


directrix AB; draw GC to the focus C, 


and let EF. be equal to the length of that 


ſide of the ruler which is on the ſame 


ſide of AB with the focus C: Therefore 
EF is equal to the length of the ſtring 


FGC: Take away the common part FG, 


and the remainder EG will be equal to the 
remainder GC, e 


CokolLLAR TY. Hence that ſegment of 
the axis which is intercepted between the 
focus and the directrix, is biſected in the 
vertex of the axis. Thus CB is biſected 


FN OT. en. 


II the diſtance of any point from 


the focus of a parabola be equal 
to the perpendicular drawn from 
the ſame point to the directrix, 
that point is in the parabola. 
a Let 


* 
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Let there be a parabola, the directrix of Tig. 15 


which i is AB, and the focus C; and let D 
be a point, the diſtance of which from the 


focus is the ſtraight line DC; from D 


draw DE perpendicular to the directrix. 


No 2. 


If DC be equal to DE, the . D is in 


dhe parabola. 


From the center C, at tale diſtance CD, 


deſcribe a circle, meeting the axis in the 
point F: Let H be the vertex of the axis, 


and Join CE : Then, becauſe any two ſides - 


of a triangle are together greater (20. 1, E- 


lements of Euclid) than the third fide, CD, 
DE are together greater than CE; much 


more, then, are they together (19. 1. Elem;) 
greater than CB; But CD is equal to DE, 


as alſo CH (cor. 1. 1.) to HB: Therefore 


CD, that is, CF, is greater than CH: The 


parabola, therefore, with reſpect to its ver- 
tex H, is within the circle GDF: Of con- 
ſequence, it muſt meet the circle ſomewhere, 
ſince i it may be extended (def. 1.) to a diſ- 
tance from the focus C which ſhall exceed 


any given diſtance. Now it meets the cir- 
cle in the point D; for if this is not true, - 
, 2 


1 
/ 
| 
$ 

1 
ö 
| 

1 
ö 
| 
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it-maſt meet the circle in ſome other point. 


Let, then, the point L, which is on the 


ſame ſide of the axis with the point D, 
be that other point; then, having join- 
ed CL, draw LM perpendicular to the 


directrix, and LN parallel to the ſame; 


and let LN meer DE in N; and, becauſe 
the point L is in the parabola, CL is (1: 1.) 
equal to LM; and, according to the hypo- 
theſis, CD is equal to DE ; and, C being 
the center of the circle, CL is equal to CD: 


Therefore LM, that is, NE, is equal to DE; 


which is impoſſible : The parabola, there- 
fore, meets not the circle in the point L, 
nor any where but in D: Therefore D is 

ere in the 1 17 | 


p R 0 N in nen 


Any ſtraight line drawn through 
the focus meets the parabola; 
i Aa ſtraight line drawn from 
any point within a parabola to 
the focus, is leſs than the per- 
pendicular 
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pendicular drawn from chat 


point to the directrix. A ſtrzight : 
line, on the other hand, drawn 5 


from any point without a para- 


bola to the focus, is greater 


than the perpendicular drawn 
from that point to the g 
0 trix. . to 


ee chere be a BREW he direckt 
of which is AB, and the point C the fo- 
cus; any ſtraight line drawn through C 
meets that parabola. 3 


Fig. 1. 


- Firſt, if CB, a ſtraight line * W 


thi focus, be perpendicular to the direc 


trix, the point H, biſeQing (cor, 1. 1.) the 
 legment, intercepted between the focus and 


the directrix, is in the (2. 1.) parabola: 
But if any other ſtraight line CP be drawn 


through the focus, biſect the angle BCP 
by the ftraight line CM, and let CM meet 
the directrix in M, and draw MN parallel 


to the axis BC: Then, becauſe the angles 


PCM, CMN are together leſs than two 
right 
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right angles, for each of them is leſs han 
one right angle, the ſtraight. lines CP, MN 
meet each other ; let them meet in the 


point O, then the angle OCM is equal to 
the angle CMO; for each of the two is 


equal to (29. 1. Elem.) BCM; of conſe- 


quence OM is (6. 1. Elem. ) equal to O: 


Therefore the point O is in (2. 1.) the pa- 


rabola. 
To proceed to demonſtrate the other part 


of the propoſition: Firſt, let there be any 


point K within the parabola, that is, let 


it be on the ſame ſide of it with the focus 
C, and draw KL at right angles to the di- 
rectrix; draw likewiſe KC to the focus; 
K is leſs than KL. Let CK meet the 
parabola in O, and let there be drawn to 
the directrix the ſtraight line OM parallel 
to KL, and let OL be joined. Since, then, 


the point O is in the parabola, OC is e- 


qual to OM ; but OM is (19. 1. Elem.) 
leſs than OL; much more therefore is 
(OM, or) OC leſs than (20. 1. Elem.) OK 


and KL together: Take away the common 


part 


Book . it 7 RAB OLA 9 


part OK, and the remainder KC is leſs 
than the remainder KL. 5 | 
Next, let the point Q be without the 
parabola, and draw QR at right angles to 
the directrix: QC drawn to the focus is 
greater than QR. , Let QC meet the para- 
bola in O, and draw OM parallel to QR, 
and join QM: Therefore, becauſe CO is 
equal to OM, CO is equal to MO toge- 
ther with OQ; but MO together with 
O2, is greater than QM; much more, 
then, are they greater than QR. QC 18, 
therefore, greater than QR. pes of 


Con. Hence it is evident, that any point 
is within or without a. parabola, accord- 
ing as the diſtance of that point from the 
focus is leſs or greater than a perpendicu- 
lar drawn from that ſame point to the di- 
reihe Fg 


p RO P. IV. Tatos, 


A perpendicular to the directrix 
meets the parabola only in one 
D point; 


_ 


Fig. 5 
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point; and when producec 
downwards, it falls vithin the 
parabola, 3 


Lr MT be perpendicular to the directrix 
AB; draw MC to the focus; let CO be 


drawn, making the angle MCO equal to 


CMO, and meeting MT in O; OM is con- 
ſequently equal to OC; and therefore the 


point O is in (2, 1.) the parabola, , 


Next, take any point T in MO predb- 
ced, and join TC: Since, then, the angle 


MCT is greater than MCO, that 1s, than. 


the angle CMT, TM is greater than TC: 


The point T therefore is within (cor. 3. 1.) 


the parabola. In like manner it may be 
demonſtrated, that any point above O in 
the ſtraight line MT is without the para- 
bola. 


PROP. V. Taro, 
If from a point an a -parabola a 


+ line he drawn to the fo- 


cus, 
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cus, and if from the ſame point 

a ſtraight line be drawn perpen- 
dicular to the directrix; the 
ſtraight line which biſects the 

angle contained by theſe two 
ſtraight lines, touches the pa- 
rabola in the ſaid point. Alſo 

A ſtraight line drawn through 
the vertex of the axis at right 

angles to the axis, touches the 
me, 


1. D babe a point in a eee _ Fig. ho 


DC drawn from D to the focus, and DA 
drawn perpendicular to the directrix AB; 
DE, that biſects the angle CDA, touches 
the parabola i in the point D. OO obodturor 
In DE take any other point F; and ha- 
ving joined FA, FC, AC, Ho FG per- : 
pendicular to the directrix: Then, becauſe 
DA is equal (t. 1.) to DG, DF com- 
mon, and the angle FDA equal to FDC; 
501 is _— i 1. Elem. ) to FA; and, con- 
_ —_— 


\ 
K 


—— EA DA ws Ie 


r 


Xa 
3 


> 4 W ¹ 


= DONS — — _ 
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ſequently, greater than FG: Therefore the 
point F is without the (cor. 3. 1.) parabo- 
la; and, conſequently, the ſtraight line 


Fig. 2. 


DE touches he props (def. 7.) in the 
point D. 

2. IK, a \ firaight line ien tech 
the vertex of the axis, and made perpendi- 


cular to the axis, touches the parabola- 


In HK take any point K; from which 


. draw. KL perpendicular to = directrix; ; 


and j Join KC. And, becaufe KC is greater 
(19. 1. Elem.) than CH, that is, than 
(cor. 1. 1.) HB, that is, than KL; KC is 
greater than KL: Therefore the point K 
is without the en * HK touches 


the e | 


« 4 * th F : EP i ; 
: r 93 of 8 1 2 * 1 
* N * 


05 ſw 1. This propoſition points out a 
method of drawing a ſtraight line that 


will touch a parabola in a given point, 
provided the directrix vod the focus be gi- 


ven in poſition. 


Cor: 2, And ſince it has hs proved, 
tas all ſtraignt lines that touch a para- 


n fall without it towards the ſame 
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parts, that curve, it is plain, is every 
vhere convex on the ſide on which the 
touching lines are, but concave on the 


contrary ſide- 
E R 0 P. VI. | PROBLEM. 5 I 


T bu Archi and the focus of: a 


| parabola, and a ſtraight line 
not „ to any N p rnd 


a ſtraight line parallel to the 
N ſtraight line given in poſition, 
1 which will couch the parabola. 


AB "©" 8 direaix ah C the Cocks 
aff; a parabola, and MN a ſtraight line not 


parallel to any diameter ; it is required to 


draw a ſtraight line paralle] to 1 8855 which 
will touch the /parabola.- + 


"ig: As 


From the focus C draw CO „ 


lar to MN, and meeting the directrix A; 
and having biſected AC in E, draw ED 


parallel to MN, and meeting the diameter 


Farough Ain the point D, and join CD; 
chem, 
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then, in the triangles ADE, CDE, AE is 
equal to CE, ED common, and the angles 
at E right angles; DA, therefore, is equal 
to DC; and, conſequently, the point D is 
in the (2. 1.) parabola: And, ſince the 
angle ADE is equal to the angle CDE, the 
| Rraight line DE, as was ſhewn in the 
preceding propoſition, touches the para- 
bois, 1 7 


p R 0 VII. nor | 


ws 1 If. from a point E in A, \parabo- | 

las; there. be. drawn. a ſtraight 

linie EG, neither parallel to the 

axis, nor biſecting the angle 

ee by the diameter paſ- 

lin, ing through that point, and a 

Atraigt line drawn from the 

ſame point to the focus; the 
80 Kraigkt line EG cuts the para- 

bola in one other point, but 
4 not in more chan / > OR 


From 
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From tlie focus C let a perpendicular be 
drawn to EG, and let it meet the directrix 


in A; and, making Af equal to AF, 
through f draw fe parallel to the diameter 


F?E, and let fe meet EG in e; the point e 
will be in the parabola. THER 
| - | There are two caſes, The one is that 
0 which EG paſſes through the focus; 


Becauſe EC is equal to EF, and each of 


the angles ECA, EFA a right angle ; there- 
fore AC is (5. and 6. 1. Elem.) equal to 
AF; and, conſequently, it is equal to Af; 
and each of the angles Ace, Aye is a right 
angle: C is, therefore, equal to & and 
therefore the point ę is in the a 1.) para- 
bola- 


In the other cafe, EG pete not F 


the focus. From the centre E, at the di- 


ſtance EC, deſcribe a circle, meeting CA 


again in H; and deſcribe another eirele 
through the points C, H, V/; then, becauſe 
EC is equal to EF, and that EFA is a right 
angle, the circle deſcribed from the centre 
E touches (16. 3. Elem.) the directrix in 
F: Therefore the rectangle CAH is equal 


to 


Fig. 4. 


bo Is 2. 


Cai want 
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to ( 9 3˙ Elem.) the 7 COS Fw; AF, that 
is, to the ſquare of * % Therefore Af 
touches the circle (37. 3. Elem.) FCH ; and 
the centre of this wtf is (19. 3. Elem.) 
in /e; it is alſo in GE, which biſect CH 
at right angles: It is, therefore, in the 
point e where fe, GE interſect, each o- 
ther. C, therefore, is equal to /; and, 
therefore, the point eis in the * 1.) pa- 
rabola. e 
It is evident, that EG cuts the parabola 
no where but in the points E, e: Por, if 
poſſible, let EG cut it alſo in another point 
; and let : be drawn perpendicular to 
the directrix AB; a circle, then, deſcribed 
from the centre e, diſtance C, paſſes through 
H, and touches the directrix in the point : 
p, at a diſtance from the point A, leſs or 


n. 1. 2. greater than that of the point For f from 


A; and the ſquare of A being equal to 
the rectangle CAH, is equal to the ſquare 
of FA: W is abſurd. 


Cor. Of alt the ſtraight lines that can 
be drawn ou: any point of a parabola, 
only 


Bock I. rar ra 20. "#7 
- BY 


only one can 1 the N for the | 


diameter through the point falls (4. 10 
within the parabola; and any other ſtraight 
line, except that which biſects the angle 

contained by the diameter through the 
point, and the ſtraight line drawn from 


the point to the focus, meets the parabola | 


again in another point, 


PROP. VIII. ruron. 


If en ths focus C of a parabola, 
a perpendicular CG be drawn 


to any. ſtraight line LG, meet- 


ing the directrix in A; if the 
ſegment of the perpendicular 
intercepted between the focus 
and the ſtraight line, is not 
greater than its other ſegment 
intercepted between the ſtraight 
line and the directrix, that is 
if CG be not greater than GA, 
„% oo, the 


1185 + 


N. 
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„ the" Araight line LG, neoeſſa- 
ly, meets the parabola, OWE 
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When the 1 CG, GA are equal, 
It is plain, from what was demonſtrated in 
Prop. 6. that the ſtraight line LGccpuehes 
the parabola in the point where the dia- 
meter through A meets the ſame LG. 
But if CG be leſs than GA, take GH 
equal to GC; and from the point Ag aud 
on either fide of A, place, in the directrix, 
AF, or Ay, ſuch; that the ſquare of either 
may be equal to the rectangle CAH; and 
having deſcribed a circle through the points 
C, H, FP, draw, through F, FE perpendi- 
cular to AF, and let FE meet LG in E: 
And the ſquare of AF being equal to the 
rectangle CAH, AF. touches the circle in 
EI and therefore the centre of the circle is 
n FE: But as CH is biſected at right 
angles by the ſtraight line LG, the centre 
of the circle is likewiſe in LG : It is, there- 
fore; in E, the point where FE, LG in- . 
terſeck each other: Hence EC is equal to I 
EF; and, of conſequence, the ping GM 
8 0 4 | in Fe: 
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| in ches parabala. In like m. anner, [if ef 
erpendicular. to the directriꝝ meets | 
LG in e, the point e is in the parabola. 
pe 91s 4 ©..923 27* - 4304 030 W 
Con Hence any Rraight, log paſſing 
om a, point within a parabola, meets 
the patabola . Jig 2 Bodi 5 
Caſe I. If the fraight line is a diameter, a 
it is exident, from: __ 4. 1. . it meets | 
ict a. When 4 Rraighe lh Rae 8 not a 
diameter. Let LG paſs through the point 
L within the parabola; it will meet the 
parahola. From the focus G let the 
ſtraight line CG be drawn at right angles 
to LG, and let it meet the directrix in A 
and join LC, LA: Then becauſe the point 
Lis within the parabola; a ſtraight; oe 
drawn from L perpendicular to the diree 
trix, is greater (3. 1.) than LC LA. 
therefore, which is not leſs than, this per- 
pendicular, is greater than LC: AG, 
therefore, is greater than (47 1. Elem-) 
2 gcione; LG pet para- 
8 9 S111 21 LH 09 6 ett. - 4.1. 
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-EHBqa 136,30) edel dna 


ng 41} 7 Toll to Wi. Xx. nene 


The, angle contained bor a 1 
ter of a parabola, and a ſtraight 
Ic ne drawn from tlie vertex” of 
that diameter to the focus, 1s 
biſected by the ſtraight * 
that touches the parabola in 


that vertex. 1415 8 ech el 21 
"28 . Ti q | | iz 43} 8! Haine = KW. 


The ings ADC, contained by the dia- 


meter AD, and the ſtraight line DC, is bi- 


ſected by DE, a ſtraight line touching the 
parabola in the vertex D: For if DE bi- 
ſects not the angle ADC, it is poſſible for 
ſome other ſtraight line to do it; and this 
other {traight line alſo will touch the pa- 
rabbla 5 ” J: Which is abſurd, 
30 1810 N 1851 
nt On the other WY if AD be a 


diameter, and ED touch the parabola j n 


the vertex D of AD, and if the angle ADE. 
be 11 to the angle CDE, DC paſſes 
© | „„ through | 


| l ION ; „ ü oo 
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through: the focus: Or, if D paſſes 
through the focus, . DE touching the para- 
bola in D, and the angle ADE being equal 
to the angle CDE; DA is a diameter. 


Cos. 2. If Rom aoy point D oich is in + 


a pazabola,, but which is not the vertex of 
the axis, 2 ſtraight line DE be drawn 
touching the parabola, the angle EDA 
contained towards the directrix by the 
ſtraight line DE and the diameter DA, 
is leſs than a right angle; for the angle 

ADC, which is the double of * is HO 
than-rwo: <a ne b + a8 af frins 


ie 267 DUE 49 {05.33 gonna Ain ROI 
"PROP. * rte 

« da Wn 

If HB a point in a parabola a 


: 4 
ſtraight line be drawn touching 


the parabola, and if from the 
ſame point a perpendicular be 
drawn to the axis; the ſeg- 
ment of the axis intercepted 
: ö between the perpendicular and 
922 the 


tl 
1 
1 
1 
17 
1 
if 
3 
IS 
oy 
42 i 
1 

1 
1 
i 

— 
12 
18 
15 
1 
LT + 
14 
1 
9 
17 
if 
3 © 

; 


2 ro Ag 
— — Year ou * 


P 
. —— 
ay — — uns, 


. py — ee 
r —r—ß— — — —4—ẽ— 


——ũ——ᷣ—ä— es; 
—— 
— ire DDS (> ra Ido 
— —— — — CE 


rr 


Mods, 1. 
44 
— — 


——— 


= 8 F "WPI. He. 1” HP; 


ad el nn — — 


———— — 


* . a a 0 _ 1 
. — PPT — ———— 9 7 9» . 
5 


Fig. 5 


22 CONEC SECTION S G 


zothe line touching the (parabola, | 
is ne bee ee e 
boüxis. hib zi u er ix, 


1 
$1 iff 101 


Loet D be a point of a e and le 


DE drawn from D touch the parabola, 
0 and DH be perpendicular to the axis; the 


| the vertex of the axis. 


ſegment EH of the axis is  bilected 0b. 
201: gts i & 


Through D let DA be drawn Pabel 
cular to the directrix; let DC be drawn to 


the focus, and let the axis meet the direc- 


trix in B: And becauſe the angle CDE is is 


equal to the angle ADE (9. 1 55 that 3 is, t 


the alternate angle CED, CE is equal to r. 
or DA, that is, to HB; and CF i is equal 


to FB; 75 therefore the 5 FE. is e- 


qual to 1 the remainder FH. 


bas P. R 0 P. XI. e 5 
Every ſtraight line parallel to a 


502 


ſtraight line that touches the 

parabola, and terminated both 
A ways by:the -parabola, is biſec- 
N ted 
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Ited by the diameter paſſing 
through the pointbof cbnitact, 
that is, it is l applied 


to this diameter. 5 
Dns of oder 48 9 8 wi q 8 8 > 4 E 


008180 5411 1b. AG 


| The, Araight line Fe, De is terminat- 


ed in the points E, 17 being parallel to DK, 
a ſtraight line touching. the parabola ; and 


AD, the diameter which paſſes through, the 
point, of; © ok D, meeting, Ee in L; Fri 


is equal to L Le. 5 We 
Let AD meet the direarix. AB, in A; 


: from, the points E, e to the direckrix, draw 


the perpendiculars EF, ef; and from, the 


| focus C draw CA meeting Ee 1 in 83 z and 
from the centre E, diſtance EC, Jelaribe 


41.01 


a circle meeting CA again in H; 3, this cir- 


ele will touch the directrix in F: Join DG: 
Then, becauſe DA is equal to DC, and 


the angle ADK equal to (9. 1 CDR, PK 


is (4. 1. Elem.) perpendicular to AC; And, 


therefore, Ee too is at right angſes tc to the 


ſame A: And becauſe E is tlie cette of 
the bircle! CyH, CG is equal to (3% E- 
33 1 | lem.) 


" OLI} ras nas rs rs y < > * 2 Yr 
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1 line EF touche 
line AHC cuts them, the ſquare of 4 


"i 


46 Le. 


5 * # | | # 
aan | Bing ee ,1979M Ai. 
1 3 ; 4 


a vue. $ Ex wo N F 4061. 


92 NY wag 7 7 pill 
— ali 4 Heat) £ 5 PW ; 
erefore, Fa ibed pong 90 7 vo 14 


ii Wee © | pull hr, 1 40 
<Q being equal to ef; it paſſes nete 
through V. Therefore, wt the fir 3 Tie 
es the circles, and the 10 


1 * 


qual to the (36. 3. Elem.) rectang| ge Cab, 
that i is, to the ſquare of Af: There te A 


310 9 19 2 


is equal to Af; but FE, AL, fe, are paral- 
lels ; . Therefore Li LE i is (2.6, Elem.) Equal 


D913 4140 98 41 10 mod, 


Tr * 


ce, 45 On the Ger hand, if a Aten 
e Ee, terminated both ways by 4 Para- 


uh be bileed by the diameter AL, it 


780 


is parallel, to the tangent which paſſes 


through D, the vertex of AL: For if the 
ſtiraight line touching the parabola i in the 


point D, be not parallel to LE, let another 
ſtraight line, be drawn touching the para- 


. 


bola, and parallel to LE; then the diame- 


Mt 5 


ter which paſſes through the pores: where 
this other ſtraight line rouches the, parabo- 


ang > La 
. 


* 44 


are, biſected by the ſame diameter. 


1405 x. * 
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la, biſecks the firaight | line Fe: 'But, a8 
cording to the hypotheſis, the ſame Ee 5 : 
bileQed , by the diameter AL: " Which ts 
abſurd, ..- ONE Tm 
Con, 2. Al Araight lines ordinately ap- | 
plied to any diameter, are parallel to, one 
another, £42 52% e 
Con · 3. If two or more e * as 


minated both ways by a parabola, the dia- 
meter which biſects the one, or one of 


em, bilects alſo the other, or the reſt of 
them: For the one that is biſected by a 


diameter, is parallel to the ſtraight line 
touching the parabola in the vertex of 


that diameter ; and conſequently the other, 
or the others, is, or are, parallel to the 


ſame ftraight line that touches the parabo- 


2 


la in that vertex; and, therefore, is, or 


1 
223 


CoR- 4. Any ſtraight line, on the con- 
trary, which biſects two parallels termis 
nated both ways by a parabola, is a dia- 
meter: For if it is not, it is poſſible for 

ſome other ſtraight line biſecting one of 
the parallels to be a diameter; - and be- 
D | ing 
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46" if diameter tlüs ther- Hkrgtyt lige 
muſt hlfd biſect the other of them: But, 
according to the hypotheſis, the. fotmer of 
the ſiraight lines biſects both the parallels : 
| Which is abſurd. And if from the point 
bf contact a ſtraight lite be dran biſect- 
jag another ſtraiglit line poaraſlelite, the 
tangent, and terminated both ways hy the 
parabola, that ſtraight line is a diameter: 
For if it be not, let a diameter be dfawn 
through the point of eontact, this: diameter 
muſt alſo biſect the parallel anne nengsats | 
Which | is abſurd, | = { SS: 
Cor. 5. And a ſtright line drawn 
through the vertex of a diameter, ſo/as to 
be parallel to ſtraight lines ordinately ap- 
pled: to that diameter, touches the r 
bola - en is manifeſt foul cor. 1. 


: 
m7 7 "8 


y 


i 1 a rok of a dend ber a 
/ - iraight line be drawn perpen- 


dieler. to a a diameter, and. if 
from 
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bie be 'ordinately "applied ue 
that diameter; the ſquare f 
the perpendicular is equal to 


the rectangle contained by the 
| abloits of the diameter and the 
1 rectum of bias axis. 


nh Ne mts 54 171 LY 4 L400 ts 
42 B. An 22 is the agnes inter- : 
bed betwixt the vertex of a diameter and 
a ſtraight line an . o that 
r a 


. 


Cute 1. When the diameter! is the any of 
the abe , and e 


Let D be a point in a pirktiohs aud DH Fig- 5. 
a perpendicular to the axis BC; DH will 
be parallel to (5. 1.) the ſtraight line touch - 
ing the parabola in the vertex of the axis; 
and therefore will be ordinately (11. 1.) 
applied to the axis: draw DC to the focus, 
and DA perpendicular to the directriæ AB, 
and let F be the vertex of the axis! then, 
becauſe HY is equal to DA, that is, to DC, 
the ſquare of HB is equal to the ſquare of 
h DC, 


28 O0 NAC SE CT ONS400% 
Der that is) te the ſquare of DH, gether: 


with che ſquare of HC but, ſinee BF ig 
equal to FC; the ſame ſquate of HB'is equal 
to four times the rectangle HFC, together 
with tlie (8. 2. Elem.) ſquare of HG: there- 
fore che ſquare of DH, togetlſer with the 
ſquare of HC, is equal to four timesathe 
rectangle HEB, together with the ſquare of 
HC: Therefore the ſquare of HD is equal to 
four times the rectangle H EB, that is, to the 
rectangle contained by the abſciſſa HAF, and 
tho parameter of the ax. 
Caſe 2. When the diameter to which the 
perpendicular is drawn is not the axis 


Fig. 4. Let EN be perpendicular to the e 
n. 1. 2. D; let EL be an ordinate to AD, and D 


*the vertex of the ſame AD; the ſquare of 
ENV is equal to the rectangle contained by 
tlie en LD and the ea of {he | 
n 22187, 8. 
ED to LE; DE will 5 
fore 5 cor. 11. I.) touch the parabola in 
„D: aud let the ſame DK meet the axis in 
K; let EF be drawn at right angles to the 
directrix; and let a circle be defovidert from 
- the 
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thejcentre, Ec1diſtance EE.z1 ande his ire 
wil wuch il cor . n 63,1 Elem. ) che direQrizs 
in Fd and paſg through the focus C let H 
be joined, and let it meet the circumference 
of the elrele again in H, and the ſtraighʒ 
lines DK, LE. in the points Buff and let 
LEmeet the axis in G 1 FF to 5189p} 
El em CK an d CBA are right angles, and 
the angle BCPicommon, the triangles CBA, 
K are equiangular: AC, therefore, is 
(4. 6. Elem.) to CB, as CK to CP, that is, 
a6 (A4. 6.3 160 f.. Elem.) OK ro GP: The 
rectangle, therefore, contained by CA, G 
is equal to (16. 6. Elem.) that contained 
by Ok, CB: But becauſe CA ill. 
of this bock, and 4. 1. Elem.) the douhle 
of CP, and CH the double of CG, AHgs 
double of GP; and, conſequently, the 
rectangle CAH is equal to twice the rec- 
tangle CA, GP, that is, to twice / thei rec- 

7 tangle OK, CB: But the ſquare of- EN, 
or of Af, is equal (36. 3. Elem.) to the 
rectangle CAH : It is, therefore, equalito 
"enidn>thels>Qangle, OK, CB, that is, to 
51 the 


1 i > 

- 1 

«Wo n 
T 


the reQangle contained, by the abt F LD, 
70 ae of the: axis. 15170 5% 6. 
iz 6 TE £7 ra 1 0 Jos | 


Con. 505 Heads the gerd t perpendi- 
*** drawn from any points of a parabho- 
la to any diameters, are to one (1. 6. E- 


lem.) another, as the abſciſſas intercepted 


between the vertices of thoſe diameters and 
the ordinates drawn from thoſe points 

CoR. 2. The ſquares of | ſtraighr, lines 
ordinately applied to the ſame diameter, 
are to one another, as the abſciias between 
thoſe ſtraight lines and the vertex of that 
diameter. Let EL, QR be ordinately ap- 


plied to the diameter DN; and let EN, 
Qs be perpendicular to the ſame: Becauſe 


the triangle ELN is equiangular to the 
triangle QRS, the ſquare of EL is to that 
of QR, as the ſquare of EN to that of Qs, 


that is, by the preceding ee as the 


| abſciſſa DL to the abſciſſa DR. 


46 Cox. 3. And if from the dee 
diameters there be drawn ſtraight lines 


ordinately applied to thoſe two diameters, 
that is, if the ſtraight line drawn from 
1 tte 


/ 


to the other diameter, the abſciffas between 


thoſe 3 bes the two vertices are e- 
er; for the perpendiculars 


drawn fond — add vertices to INE. Tn 
diameters are e ene An Ven 
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oP Rel P. FR XIII. \ Trzoz, * 
If from a point of a parabola a 
ſtruight line be drawn ordinate- 
maps plied to a diameter, the 
wo quare 'of half. that ordinate. 18 
= _— to the rectangle contain- 
ed by the abſciſſa between that 
ſame ordinate and the vertex 
"of that dizmeter, and the latus 
_ reftum of the ſame diameter, 


Let AB be the direQrix of a prot 
and AD a diameter, to which EL, "draw 1 
from the point E of the parabola, 18 GH 
nately applied; and through the vertex 5 
of the diameter AD, draw DR parallel to 
EL; DK; of conſequence, - will touch the 


e 2 


desk l, Tu PA ABA 3. 
a oelter öf- ele dite ber dine 


Fig. 4- 
No I. 3. 


ter D and, E — 
EL. 4 
Nook OR 18 gent to DK, its — is 


equal to (74. 1. Elem. ) the ſquares of DM, 


MK; but the ſquare of DM is, by the firſt 

caſe of the foregoing propoſition, equal to 
four times the rectangle MQB : And fince 
Mis equal (10. f.) to QK, the ſquare of 


MK is equal to four times the ſquare ofß 


MQ: Therefore the ſquare of QR is equal 


to four times the rectangle MOB, together 
with four times the ſquare of MO that is, 


0 to four times (3. 2. Elem.) the rectangle 
QUE But MQ or QF, is equal to DR, 


and MB to DA; therefore the ſquare of 


| QR is equal to four times the rectangle 
 RDA: Ai.d ſince QR, EL are ordinately 

| applied to the diameter AD, the ſquare of 
R is to the ſquare of EI. as (2. cor. of 
the preceding propoſitions RD to LD, that 


is, as four times the rectangle RDA to four 


- times the reQangle LDA: But the ſquare 
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parabola : Draw DM perpen dicular to the 
axis, and from Q, the vertex of the axis, 
draw QR o»Jinately applied to the diame- | 


be 


Book A IE Pt 0 1. 


F ——————— RDA= 
me ſquare of RI. is equal to four times the.. 


rectanglie L. DA, that is, 10 the rectengle 
contained by the abſciſſa LD and the par 


rameter of the diameter An „ N 
It was from the property aboye demon 
ſtrated,;.that Appollonius named the; curve 


line, which. is th. e of . 4 books the. 
FEG, troy 41.6; tore obs r alfa 
8 S16UP! a gh | Tr B | 114 0 Fog oy 


COR, 1, If from a A. Et to „A dia- | 
meter. of the parabola, a ſtraight line EI. 
is drawn parallel to ſtraight'lines ordigate- 
ly applied to the diameter AD, and meet-, 
ing the ſame AD below its vertex Dz if 
the ſquare of EL is equal to the rectapgie 
contained by the abſciſſa LD and the, ha- 
rameter of the diameter AD; ; the Doine | 
is in the parabolaa. * ans 
For ſince the point L. is wahio, (4 1.) the 1 4 
2 the ſtraight line EL _neceffaril y 
meets cor. 8. 1.) the parabola ; ; If there- . 
fore, EL e 8 not meet the parabala 3 in the 
Point, E, on * lame de. of the diameter. 
E | with 
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with E, let it meet it, if poſſible, in ſome 
other point, nearer, or more remote, from 
the diameter, than E is; Let this other 
point be ; then the ſquare of L is equal | 
to the rectangle contained by LD, and the 
parameter of the diameter, that is, accord- 
ing to the hypotheſis, to the ſquare of * 
Which is abſurd. 

Cor. 2. If from two points E, Q, one 
of which, Q, is in the parabola, there be 
drawn to the diameter AD ſtraight lines 
EL, QR, parallel to ſtraight lines ordi- 
nately applied to AD; if the ſquares of 
che parallels be to one another as the ab- 
ſeiſſas between the parallels and the vertex 
of the ſame AD; the other point E is alſo 


in the parabola. 
If the diameter LD meets the . 


in A, four times AD is its latus rectum: 
Then, ſince the ſquare of QR is to chat of 
EL as RD is to LD, that i is, as four times 
the rectangle RDA to four times the rec- 
tangle LDA; and ſince, by the propoſi- 
tion, the ſquare of QR is equal to four 
times the rectangle RDA; the ſquare of 
| EL 
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El. is equal to four times the rectangle 


IL DA; and therefore, by the preceding | 
corollary, the point E is in the parabola. 


; —2 | . 


PROP. XIV. Tugox. 


If a ſtraight line be drawn from a 
” point of a parabola ſo as to 
be ordinately applied to a dia- 
meter, and if another ſtraight 
line be drawn from the ſame 
point ſo as to touch the para- 
bola, and meet that diameter; 
the ſegment (of the diameter) 
intercepted betwixt the ordi- 
nate and the tangent is biſect- 
ed in the vertex of the diame- 
ter. 


A being a point of a parabola 3 AC Fig. 6. 
drawn from A, ſo as to be ordinately ap- 
plied to the diameter BC, and AD drawn 
from the' fame point, ſo as to touch the 

parabola, 


S 
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parabola, and meet BC in D; therſegmerit 
CD is biſected in B, the vetrtex of BGW. 
From the vertex B let BE be drawn pa- 
rallel to AD; it will be ordinately (11. 1 ) 
applied to the diameter AE, and the ab- 
ſciſſa BC will be equal to the abſoitls { 3: 
cor. 12. 1, ) AE, that 1 ** to BD. 


"Gon. 5 On the he | 91 40 72 
ordinately applied to the diameter BO, if 
AD be drawn making BD equal to PG, 
Ab touches the parabola, 

For if AD does not touch the parabola, 
let AF touch it; FB then is TER BC: 
Which ; is impoſlible. 

Con. 2. If a ſtraight line touches a pa- 
rabbla, its ſegment between the point of 
contact, and any diameter, is biſected by a 
ſtraight line touching the parabola, in the 
vertex of that diameter. 192 

Loet AD, a ſtraight line irs thes pa- 
rabola, meet the diameter CB in the point 


D, and the tangent GB in G; let AC be 


drawn parallel to BG; AC will be-ordinate- 
ty applied to the (11. 1.) diameter CB: 
CUTE and 


* 
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and ſince; by the propoſition, CB ee I 
to BD, AG is EN equal to GD. | ; 


"£1 amd orroto. 0-H 23199 0/59 matt: 


He: ny o r. XV. Pros. 


F : „ 
a= 4 iq +: 1 81 3 1 
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To find a diameter, che axis; the: 
latus reftum of the axis, the fo- 
cus, and t the directrix of a pa- 
..rabola siven. in poſition, . 3 


1 


Dan | F tie 
Let two penal Rraight prom AB,.CD Fige 7. 
be drawn ; let them be terminated in the 
parabola, and biſected in the points F, E; 
join FE, and let it meet the Parabola in G; 
GF is (4; cor. 11. 1. S diattdter, b 3 
Next, in the diameter GE, and below 
its vertex G, take any point H.; and 
through that point draw KHL perpendicu- 
lar to the diameter GE, and meeting. the 
parabola in the points K, L; and through 
M, the middle point of KL, draw MN pa- 
rallel, to the f diameter EF, * and meeting 
the parabola in N.; andi let NO be drawn 
parallel; to MH ; Then, becauſe MN is pa- 
3 rallel 


2 
#4 
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rallel to GH, it is a diameter: But KL. is 


ordinately applied to MN; therefore NO 


touches (5. cor. 1 1. 1.) the parabola in N. 
And becauſe MNO is a right angle, MN 


is (2. cor. 9. 1.) the axis: And a third pro- 


portional to NM, MK is the (13. 1.) latns 
rectum of the axis: And the diſtance of 
the focus from the vertex of the axis is 


equal to a fourth part of the latus' rectum 


of the axis; therefore the focus is given. 
_ the ſame manner is y the AN 8 


a 4 + 
j 5 1 6 ; 
, 7 
f ? ; 2 


Fig. 8, 


5 
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The e and the focus of a 
- parabola being given in poſi- 
n ewe to ene * e e 
ate A U be the TON and C the fo- 
cus, and with a ruler and ſtring deſcribe 
the (def. 1.) parabola; or as many points 
of the parabola as may be thought neceſ- 
ſary may be thus found; through the fo- 
cus C draw CB at 3 angles to the di- 
5 rectrix, 


rectrix, and CBB will be the axis? To the 
axis GB drawn any perpendicular LG, 
meeting it below its vertex E, and in the 
ſame axis nlace CH equal to BG; CH will 
thus be greater than CG; and from the 


| centre C, diſtance CH, deſeribe a circle, 


cutting the ſtraight line LG in D, 4; tals 
points are in the parabola. le 
For the ſtraight line DA, ua to 25 
directrix, ſo as to be parallel to GB, is e- 
quab to GB. that is, 0 CH, that is, to 
CD; and D, therefore, is (2. 1.) in the 
parabola. In the ſame manner it may be 
ſhewn, that d is in the parabola. 
Con. Hence, if the directrix AB of a 
parakola, and F, the vertex of the axis; be 
given in poſition, the parabola may be de- 
ſctibed, by drawing FB at right angles to the 
directrix, and making FC equal to FB; for 
C will be the focus (cor. 1. 1.) In like 
manner, if the vertex F and focus C be gi- | 
ven; join CE, and produce i it to B, ſo that 
EB may be equal to FC; a ſtraight line drawn 
through B at right angles to BC, will be 


Q/ 
Eo 
no 
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the directrix: And if the axis GE, and 
its vertex F, be given in poſition, and 
its parameter FK given in magnitude, 
the directrix n be found by mak- 
ing FB equal to a fourth part of tlie 
parameter FK. and drawing BA at right 
angles to the ſame FB. In like manner 
the directrix may be found, if the axis, 
the focus, and the parameter of the axis, 
be given in poſition. In all theſe caſes, 
__ therefore, the parabola may be deſeribed 
E 1 according to 158 e 40 


ui, . Fos. 5 

| The axis and its e an A 
point without the axis and be- 
low Rits vertex, being given in 
ede to deſcribe the para- 
bola which will Pals, Tens 
chat e 155 S0 


if 


Fig, 85 The axis II, its vertex ns and D.. a 
point without it, and below, the. vertex, F, 
eins given in poſition ; "4 it 1s propoſed to 

: deſeribe 
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- Ye : 


deſerihe the _ parabola __ which. mall f 
| through, D. ke 
55 Having drawn from e paint D, GD 

perpendicular to the axis, find (x4, 6. E- 
lem.) FK a third proportional to the two 
ſtraight lines FG, GD; then, taking FB 
equal to the fourth part of it, and making 
FC equal to FB, draw BA parallel ro DG ; 
and let a parabola be deſcribed, having C 
for its focus, and AB for the directrix; 
this parabola will paſs through the point 
. For ſince FG, GD, FK are propor- 
tionals, the ſquare of GD is equal to the 
_ rectangle. GFK: And FK is the parameter 
of the (def. 6. 1.) diameter FG; therefore 
the Point D (1. cor. 13 I ) it is in the * 
bola. | Fo | 


p R O P. XVIII Pros: 


Two ſtraight lines AB, AC, which Fig. g. 
meet each other in the point 
A, being given in poſition, and 

a ſtraight line DE being given 
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in node to deſcribe 'a 


' parabola which may have AB 
for a diameter, and DE for the 
parameter of AB, and Which 


= the ſtraight line AC may rouch : 
in the point Aa. in 
| j Takeoff DE the 3 part Dp, and in 


BA produced, make AG equal to DF, and 
draw GH at right angles to AG ; then, 
making the angle CAK equal to GAC, 
and the ſtraight line AK equal to AG, 

' deſcribe a parabola, which may have K 
for the focus, and GH for the direQtrix ; 
AB will be one of the diameters, and the 
paramater of AB will be equal to the 
(def. 4. 6.) quadruple of AG, that is, to 
DE: And ſince AG is equal to AK, the 
point A is in the parabola; and ſince the 
angle GAC is equal to CAK, the firaight 
line AC touches the parabola in the point 


= ers NE G E ww — 
e . Bl 

ae "= wo My. a 7, we * "FOE? 
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Cor. If from a point L, a ſtraight line 
LM be drawn in a given angle LMA, to 
| : . 
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a ſtraight line AB given in poſition; and 
if the ſquare of LM be equal to the rect- 
angle contained by a given ſtraight line 
DE, and the ſegment MA, intercepted be- 
tween the ſame LM and the given point 
„A; the point L is in a parabola given in 
poſition. Having drawn through the 
point A a ſtraight line AC parallel to LM, 
deſeribe, according to the propoſition, a 
parabola which may have AB for a dia- 
meter, and DE for the parameter of AB, 
and which the ſtraight line AC may touch 
in the point A; this parabola is the locus 
of the points L: For ſince the ſquare of 


: LM is, by hypotheſis, equal to the rect 


angle contained by MA and DE, and that 
LM is parallel to AC that touches the pa- 
rabola, and conſequently to ſtraight lines 
ordinately applied to the diameter MA; 
the point L is in the 18 cor 2 1 .) ur 
rabola, e 


p RO pP. 
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. 9. A 1 AB, and its aErkax, "A; 


being given in poſition, and a 


ſtraight line LM, which meets 


AB in M below the vertex, be- 
ing given 1n poſition and mag- 


nitude; to deſcribe a parabola 
which may paſs through the 
point L, and in which the 


ſtraight line LM may be ordi- 


P 


nately applied to the diameter 


AB. 


Through the vertex A draw AC parallel 


tO 


LM, and let DE be a third proportio- 


nal to AM, ML; and, according to the 
preceding propoſition, deſcribe a parabo- 
la which may have AB for a diameter, and 
DE for the parameter of AB, and which 
AC may touch in the point A: Then, be- 
cauſe ML is 9 to AC, it is ordinately 
applied 
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applied to the Hameter; AB; and becauſe 
AM, ML; DE are proportionals, the 


ſquare of ML is equal to the rectangle 


contained by the abſciſſa AM, and DE. 
the parameter of the diameter AB; and 
therefore the point L is (1. cor. 13. "Na in 
the. . 3&4 * 33 


PROP. XX, POB. 


iS e . 


A diameter of a parabola, and the 
vertex of that diameter, being 


given in poſition, and the latus 
-  refum of the ſame diameter be- 


ing given in magnitude, and a 


point in the parabola being gi- 
ven; to deſcribe the parabola. 


Let AB» be the diameter given in poſi- 
tion, and A its vertex; in AB, and above 
the vertex A, place the ſtraight line AG e- 


qual to the given /atus rectum ; and let D 


be the given point in the parabola. Sup- 
poſe what! is required done; and let AD be 


the 


Fig. 10. 


n 
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the parabola tobe deſcribed : And having 


drawn the ſtraight line AE touching ir in 


A, and meeting the diameter drawn through 


D in the point E, complete the | par Abl 
gram AEDF: therefore DF is ordinately 


applied to the diameter AB; and therefore 
the ſquare of DF, or AE, is equal to tlie 
rectangle FAC: as, therefore, FA or DE to 
AE, ſo is AE woo - and they contain 


the equal (29. 1. . Elem.) angles DEA, 
EAC; therefore BY triangle DEA is equi- 
angular to the triangle EAC: and thus the 
angle AEC is equal to the angle EDA, or 
FAD. If, then, upon AC a ſegment of a 


circle be deſcribed, containing an angle 


equal ro FAD, the point E will (converſe of 


21. 3. Elem.) be in the circumference of this 


ſegment. But the angle FAD is given, be- 
cauſe FA, DA are (26. dat.) given in poſi- 


tion; therefore the angle AEC is given: 


and AC is given in poſition and magnitude; 3 
therefore the ſegment AEC (8. def, dat.) is 


given in poſition, The point E, then, is 


in the circumference of a circle given in 
poſition: but it is alſo in the ſtraight line 
DE which is given in poſition ; the point 
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E, therefore, is given: and the point Als 
given: therefore the ſtraight line AE is 
given in poſition. It is poſſible, therefore, 
to deſeribe (18. 1.) a parabola which may 
have AB for a diameter, and AC for the 
latus rectum of AB, and which AE may 
touch in the point A. | | 

In order to the compoſition, it is requir- 
ed, that a ſegment of a circle containing 
an angle equal to FAD, be deſcribed upon 
AC, and that a ſtraight line drawn through 
the point D, parallel to AB, meet the cir- 
7 cumference of that ſegment. But theſe 
conditions it is ſometimes impoſſible to ful- 
fil. Hence the problem cannot always be 
ſolved. a | 

When the ſtraight line dies through D 
parallel to AB, is a tangent to the ſeg- 
ment, the problem admits of only one ſo- 
lution *. The parabola, and latus rectum of 
the diameter AB, which ſolve this caſe, are 
determined, if a parabola be found ha- 
ln all caſes in which the ſtraight line drawn through 
D parallel to AB cuts the circumference of the ſegment 


in two points, the n admits of two ſolutions. 
ving 
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ving AB for a diameter, and A for the 
vertex of AB, and which paſſes through 
the point D; and if the /atus rectum of BA 


be ſuch, that a ſegment of a circle deſcri- 
bed upon it, when placed above A, and 


in the direction of AB, may contain an 


angle equal to BAD; and that a ftraight 


line drawn through D, ſo as to be parallel 
to AB, may, touch the circumference of 
that ſegment : Suppoſe what is required 
done: Let AG be the parameter of the dia- 


meter AB; and upon AG let the ſegment 


of a circle containing an angle equal to 
the angle BAD, or ADE, be deſcribed ; 
and ler the ftraight line DE parallel to 
AB touch the circumference of that ſeg- 
ment in H, and join AH GH: Since, 
then, the angle, AHD is equal (32, 3. E- 
jem.) to AH in the oppoſite ſegment, 
and that, according to the hypotheſis, the 
angle ADH is equal to AHG; the triangles 
ADH, AHG are equiangular: The angle 


DAH is, therefore, equal to HAG: But 


the angle DAG is given; and, conſequent- 


ly, its half DAH is given: : And the ſtraight 
line 


5 bl 


/ 
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line A0 is given in poſition: Therefore A 
alſo is (29. dat.) given in poſition: the 
point H too is given, where AH meets DE 
given in poſition; and the angle AHG is 
given: Hence HG is given (29. dat.) in 
poſition; and therefore the point G is gi- 
ven: Hence the ſtraight line AG is given 
in magnitude: Since, then, AG in the 
parabola, which paſſes through the point 
D, is the /atus rectum of the diameter AB, 
of which A is the vertex; becauſe a ſtraight 
line touching the parabola in the vertex of 
the diameter AB, meets, as hath been pro- 
ved, the diameter drawn through D, in 
the point where this diameter meets the 
circumference of the circle, the ſegment 
of which, deſcribed upon the latus rectum 
of the diameter, paſſing through A, contains | 
an angle equal to ADH ; and fince, in the 
preſent caſe, the diameter DE meets the cir- 
cumference of this ſegment in H; there- 
fore HA touches the parabola in A: And 
AB, AH being given in poſition, and AG gi- 
yen in magnitude, the parabola, accor- 

. | Os G ding 
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ding to the 18th propoſition, can' by" de- | 
"The conpalician of this caſe is as Wk ; 


lows : Join AD, and through D draw DE 
parallel to AB; to DE draw AH, biſecting 
the angle DAG : and through H to AB 
draw HG, making the angle AHG equal 
to ADH or DAB; and let a parabola be 
deſcribed which may have AB for. a 
diamater, and AG for the /atus rectum of | 
AB ; and which AH may (18. 1.) touch in 
A: This parabola will paſs through D, I 
and DH will touch the circle deſcribed a- 

bout AHG. Draw DK parallel to AH; 
and fince the triangles DAH, AHG are 
iſoſceles and equiangular, DH, HA, AG, 
and conſequently KA, KD, AG, are pro- 
portionals ; the ſquare of DK is, therefore, 
equal to the rectangle KAG; and DK is 
parallel to the tangent AH: Hence the 
point D is in the (1 cor. 13. 1.) parabola : 
And becauſe the angle AHD is equal to 
AGH in the oppoſite ſegment, DH touch- 


es (cony. 32. 3. Elem.) the circle in H. 
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It lemains to by inquired, whether the 
parameter AG be greater or leſs than the 
| parameter of the diameter AB in-any other 
parabola, having AB, for a diameter, and 
A for the vertex of AB, and which paſſes 
through D. Let there be any other para- 
bola admitting of theſe conditions ; and 
let AE touch it in A, and meet the diame- | 
ter paſſing through D in the point E, and 
the circle GHA in L: Having joined LG, 
draw EC parallel to it ; draw allo DF par- 
rallel to EA ; DF, therefore, is ordinately 
applied to the diamerer AB: And becauſe 
the angle ADE is equal to the angle AHG 
or ALG, that i is, to AEC, and that the 
angle DEA is equal to EAC, the triangle 
EDA is equiangular to the triangle Ax : 
Therefore the ſtraight lines DE, EA, AC, 
that is, AF, FD, AC are proportionals 
the ſquare of DF is, therefore, equal to 
the rectangle FAC: And, for this reaſon, 
A is the parameter of the diameter AB in 
this parabola. And becauſe DE touches 
the circle in H, AL is leſs than AE ; and 

therefore AG i I leſs than AC: Therefore 
AG 


AG is the leaſt of all the poſſible parame- 
ters of the diameter AB, in parabolas which 

have AB for a diameter, and A for the ver- 

tex of AB, and which paſs through D: 
Alter the ſame manner it may be ſhewn, 
that in any parabola whatever, which an- 
ſwers the conditions of the propoſition, the 
latus rectum of the diameter AB is greater 
or leſs, according as the tangent drawn 
through A, and fituated on either fide of 
the tangent AH, is more remote from, or 
. nearer to, the ſame AH. 
To proceed to the compoſition of what 
was analyſed in the firſt cafe: If the pro- 
poſed parameter be equal to AG, found in 
the manner above mentioned, the parabo- 
la, as hath been ſhewn, may be deſcri- 
bed, and will be the only one that can 
fulfil what is required in the problem. If, 
next, the propoſed parameter be leſs than 
AG, it is impoſſible to conſtruQ the pro- 
blem: or if the propoſed parameter, for 
example, AC, be greater than AG; upon 
AC deſcribe the ſegment of a circle con- 
taining an angle equal to ADH, or DAB ; 


and 
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and ſince DH touches the eirele AHG, it 
muſt cut the ſegment defcribed upon AC 
in two points: Let E be one of them; and 
join AE; and let a parabola (18. 1.) be 
deſcribed, having AB for a diameter, and 
| AC for the parameter of AB, and to which 
the ſtraight line AE may be a tangent; and 
draw DF parallel to AE; then it may be 
ſhewn, as above, that DE, EA, AC, that 
is, that AF, FD, AC, are proportionals ; 
and therefore the ſquare of DF is equal 
to the rectangle FAC, contained by the ab- 
ſciſſa FA and the parameter AC; and 
that, conſequently, the parabola paſſes 
through the point D. The ſame thing 
may be demonſtrated with regard to the 
other parabola, which has for a tangent 
the ſtraight line joining A, and the other 
point of interſection e. And as, in the in- 
veſtigation of the problem, it has been 
proved, that the angles GAH, HAD are 
equal; the angle AK 0 is, therefore, equal 
to ADK ; and, of conſequence, AK is e- 
qual to AD: but AG is a third propor- 
tional to AK, KD, or to AD, DK; that 
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is, the leaſt parameter is a third propor- 
tional to the ſtraight line which joins the 
vertex of the diameter given in poſition 
and the given point; and the ftraight line 


which is drawn from the ſame point to 


the diameter, ſo as to cut off from the dia- 
meter a ſegment equal to the firſt propor- 
tional. 


The firſt nine definitions in the ft 
book of Apollonius of Perga's Co- 


nic Sections. 


5 Def. 
„ . a ſtraight line joining any 


point and the circumference of a circle 


not in the ſame plane with the point, be 
produced from the point in the oppoſite 
direction, and then, while the point re- 


mains fixed, be carried round in the di- 
rection of that circumference till it return 


to the place from whence the motion 
commenced ; by the revolution of that 


ſtraight line, a ſurface, called the conical 
Jurface, and which conkiſle of two ſurfaces 


connected 
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connected together at the fixed point, will 
be deſcribed. The two connected ſurfaces 
may cach of them be infinitely increaſed, 
it the ſtraight line wich which they are de- 
ſcribed be produced both W to an infi- 
nite diſtance. 

2, IX. The fn point is called the 
vertex of the conical ſurface. 

3. KX. The ſtraight line drawn through 
W the point and the centre of the eirele Is 
called the axis. 

4. XI. The figure contained by the 
circle, and the ſurface which is intercept- 
ed between the vertex and the circumfer- 
ence of the circle, is called the cone. 

F. XII. The ſame fixed point, which 
is the vertex of the ſurface of the cone, is 
named the wertex of the cone. 

6. XIII. The ftraight line drawn from 
the vertex to the centre of the circle, 18 
called the axis of the cone. 

7. XIV. And the circle elf; is named 
the baſe of the cone. 


8. XV. Cones which have their axis 
at 


= Fe M * 
9 „ $ * J 
= 1 [1 
Y 
y 
* 

4 
* 

: 
4 
* 
8 
> 

_— 


—— 
= 


3 
—— —— 


14 4 n 
. — — gs — — ems « 
— 2 ̃ 1 ]Ü—T', SI HE FI , > ys en, ons 
— * nk — — - & — _ 


. ͤ˙wꝛ᷑̃᷑¶¾ͤ . Lan a rh etogs . — ——————— 
4 


3222) RITRLTSITY OY CS RT: - "T7 
BEN * 188 = /e, 3) 0 8 8 
* c nn raw. Tres 858 nr — 
Pr ˙wuku T _ 
— —— = — — 4 


— th — 
— — 
= — 


— a 4 —— * — p q — — < _ 
ä = — n = a 
rr = GD Rr 
a V - * — » — — n — k. HR. n — 3 


[ 

oF 
Es 
4 


56 N SECT oN 


at. right angles, to the baſe, a re. pl 


Din 
Tight-angled gene, (Of as 910 155 
9 XVI. And cones s Which. have not 


| or axis at right angles to, the, bales: are 


Fig, 11. 


71 | 


called ſcalene cones, 
PROP. XXI. (Pran. 1. B. 1. Apoll.) 
Straight lines drawn from che” ver- 


1 


tex of the ſurface of a cone to 


points in that ſurface, are in 
that ſame ſurface. eee 


Let there be the ſurface of a cone: beet 
A be ite vertex ; and having taken any 
point B in that ſurface, join AB: The 
ſtraight line Ag is in that ſame ſurface. 

For. 2 poſſible, let ACB be a ſtraight 
line drawn from the vertex A to the point 
B, and which is not in the ſurface of the 


cone; and let DE be the ſtraight line with 
' which the cone is deſcribed, and the circle 


two ſtraight lines ACB, AGB will have 


EF the baſe; and if DE be revolved in the 
eircumference of EF, it will paſs through 
the point B and the vertex A; and thus 


the 


* 


the ſame extremities: Which 18 abſurd. 
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Therefore the ſtraight line drawn from the 


point A to B, is not without the conical 
ſurface ; therefore it is in that ſurface, 
Con. A ſtraight line drawn from the 
vertex of a cone to any point within the 
ſurface, falls within the ſurface ; but if 
drawn from the vertex to any point with- 
out the ſurface, it falls without the ſur- 
face. : re | 


PROP, XXII. (Prop. 3. B. 1. Apoll.) 


If a cone be cut by a plane paſ- 
ſing through its vertex, the 
ſection is a triangle. 


Let there be a cone which has the point 
A for its vertex, and the circle BDG for 
its baſe; let it be cut through the point A 
by any plane; and let the ſections made 


in the ſurface be the lines AB, AC, and 


A the 


Fig. 12. 
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che ſection in the baſe the draishells- 11. 
Elem.) line BC; ABC is a triangle. 


For ſince the ſtraight line drawn from 
the point A to B, is both in the cutting 


plane and in (21. 1.) the conical ſurface, 


it is the common ſection of the two; 
therefore the ſection AB is a ſtraight line: 
For a like ' reaſon, the ſection” AC is a 


ſtraight line; and BC too is a ſtraight line: 
Therefore the futon ABC is a jane; 6h 


{t . 7 


PROP. XXIII. (Prop. 4. Boi? All 


If the conical ſurfaces on citherfide 
of the vertex be cut by a plane 
© parallel to the circle which is the 
; | baſe of the cone; the common 
ſection of this plane with the 


conical ſurface is a circle hav- 


ing its centre in the axis; and 
the figure contained 15 this 
circle, and that part of the co- 
nical ſurface which is intercept- 

; ed 
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ed benen! it and the vertex, 


28 25 "$74 3001 rol 
is a cone. 
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Let there. be a conical. ſurface. the ver: 
tex of Which is A, BG being the circle 
in the eireumference of which the ſtraight 
line revolves which deſcribes. the Jurface!; 
let it he cut by any plane parallel to the 
circle BC, and let this plane make in it 
a ſection DLE: The line DLE is the cir- 
cumference of a circle the centre of which 
is in the axis. Take the centre of the 
circle BC, and let it be F; join Ab; AF, 
conſequently; is (def. 10.) the. axis, and 
meets the cutting plane; ; let it meet it in 
; next, let any plane 'paſs through the 


Fig. 13. 


ſame AF; and the ſection made by this 


plane will be (22. 1.) a triangle ABC. 
And becauſe the points D, G, E are both 
in the cutting plane DLE, and in the plane 


ABC, DGE is (3. 11. Elem.), a ſtraight | 


line, Again, in the line DLE take any 
point H; Join AH, and produce it; AH 
then will 0 1. I.) meet the circumference 
93 BCG; 


% o 


I 


fame manner it may be n 
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BG; let it, meetſ t ino K, and iin GH, 


FK: And becauſe the two parallel planes 
DLE, BC are cut by the plane ABC, their 


(16. 11. Elem. ) common ſeckions with it 
ate parallels : DE, conſequently, is paral- 
fel to > BC; ; and, for the fame 2 GH 


þ 
© # % 


6. Elem.) AG; 00 is FB to Gb, eto 


and FK to GH; and the three — 
lines BF, KF, Cb, are equal; thetefore 


the three ſtraight lines DG, GH, GE 


(14. 5. Elem.) are alſo equal. After the 
that 
any other 1 lines whatever, drawn 
from the point G to the line 26 he e- 
qual. The line DLE is, therefore, th 

circumference of A circle having. its centre 


G1 in the axis. ö 


Fe, 1 1 & . 4 ; L 4 * +, & : af 
4 IJ 14 "4 * 4 | "=, , ? 4 4 , 1 VER. £ 
* " * 


Cor. The figure edit by the birele 


DLE, and that part of the conical ſurface 
21 _ is intercepted between this citele 


nch the point A, is a cone; and the com- 


N88 becken of the” 1 plane and the 
a e ee e nns. ttiangle 
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trial Pafhng arough che ai, 3 2 dia. 
_ of the circle ne e 
1 5 546 N Aas 'F 2f13 + IGN 31+ 201 OA! C4, 


P ROB, XXIV. (Prop. 3. -B. 1. Apoll.) 
I's ſea ene cone cut "through the 


. 5 by : a plane at right "angles 
to, the haſe,, be cut, alſo by. ano· 
e, plane at right angles to 
the triangle pafſing through 
the axis; if this other Plane 


1 193121 


Cuts off, t ache the vertex, a a 
triangle ſimilar to the triangle 
_ through the axisy both triangles 
being in one plane, but. ſub- 
| contrarily ſituated; the ſection 


. made in the cone by this other 


Plane 1s a circle. road 3.00 


1 L $ 5 > N „ 
1 1885 F 7x71 13 7 1 x 
IS 3 11 i 1 


* there bo a  ſealens. cone, the vertex Fig. 14. 


of. which is the point A, and the, baſe the 
circle, BLC; let it be cut through the axis 
by a * perpendicular t to the baſe, and 

let 


angle AK ſimilar to the triangle ABC, 
but * ſubcontrarily ſituated; and let the 


be alſo cut by another plane at right angles 
to the triangle ABC; and let this other 
plane eut off, towards the vettex, the tri- 


ſeclden made in the Ez be the line 
GKH: This line is the eireutuference of 


a circles. 
In the lines GHK, BIG take certain 


8 j "EY | þ 
by Pp F a4 9478 121 10 


points H, L, from which let perpendicu- 


lars be drawn to the plane of the ttiargle 
ABC; theſe perpendiculars will (38. 11. 


Elem.) fall on the common ſections of the 


planes: Accordingly, let them be HF, LM : 
HF, therefore, is parallel to (6. 11; Elem.) 
LM: Next, through F draw DFE parallel 
to BC: The plane, therefore, which paſſes 
through FH, DE is parallel to the (15. 11. 


Elem. ) baſe of the cone; and, for this rea- 
ſon, the ſection DHE is (23. 1.) a circle, 
5 of which DEA is a diaanoter : The OVER 


1131281 F243 } 


The meaning is this: The baſe GK is to be 4o 
placed, that it may make the angle AKG, and not the' 
angle AGR, equal to the angle Ac. 


9 , 
YI & : there 
8 — | 
= 
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therefore; contained by DF, FE is (35. 3. Ex 
lem. j equal to the ſquare of FH. And ſince ED 
is parallel to BC, the. angle ADE is equal to 
the angle ABC; and the angle AKG is plac- 
ed equal to the angle ABC ; therefore the 
angle AKG is alſo equal to ADE : And the 
angles at F are equal, for they are oppo- 
ſite vertical angles; therefore the triangle 
D is ſimilar to the triangle K FE: There- 
fore às EF to EK, ſo is GE to FD; there- 
fore the rectangle EFD is equal to the rect- 
angle KFG. But the rectangle EFD, (that 
is, the rectangle contained by DF, FE,) has 
been proved to be equal to the ſquare of 
FH; therefore the rectangle contained by 
KF, FG is equal to the ſame fquare of 
FH. It may, in like manner, be demon- 
ſtrated, that the ſquare of any ſtraight 
line whatever, drawn from the line GHR, 
ſo as to be perpendicular to GK, is equal 
to the rectangle contained by the ſegments 
into which that ſtraight line divides the 
ſame GK: The ſection GHK is, therefore, 
a circle having GK for a diameter *, 
_ ® See the /mma placed at the end of this book. me 
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A ſeQion of this kind may be named 
eee, att 1 Meg A 


4 ? 
* * * . „ * - 
j - * % + * 4 » 5 a ; 


no. XXV. 6 


+ 9 29 X 


1 a cone cut through the axis \ by 


a plane, be cut likewiſe by ano- 


ther plane, cutting its baſe in 


the direction of a ſtraight line 
perpendicular to the baſe of the 
triangle paſſing through the 
axis; and if the common ſec- 


tion of the triangle through 


8 the axis, and of the plane cut - 
| ting the baſe of the cone in the 


direction of the perpendicular, 


be parallel to one of the ſides 


of the triangle through the 


axis; the line which is the 
common ſection of the plane 
an, the ** and of the 

conical 


Book f NN Os 
conigal . ſurfacę, is 8 pnhala. 
having for a diameter the 
ſtraight line which is the com- 
mon ſection of the triangle 
through the axis, and of che 
Tame plane cutting © the Dale. 5 


TE 1 


Let there be a cone, the vertex 75 Ih Fig. 15. 
is the point A, and the baſe the circle BC; 
let it Be ut through the axis by a Nine 
and let the ſection be the triangle ABC; 

let it be alſo cut by another plane, cutting 
its baſe in the direction of the ſtraight line 
DE perpendicular to the ſtraight line BC; 
let the line DFE be the ſeQion made in its 
ſurface ; and let FG, the common ſection 
of the triangle through the axis, and that 
other plane, be parallel to AC, one of tlie 
ſides of that triangle: The line DFE js a. 
parabola, and FG one of its diameter, x. 
In the ſection DFE take any point H, 


and through H draw HK parallel to DE 


** 


to meet FG in K; and through! K draw 


IM parallel to BC: Therefore the plane 
| % 170 I | 1 oy POOR | 
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paſſing through IK, LM is (15:11. E- 
lem.) parallel to the plane through DE, BC, 
that is, to the baſe of the cone; And, con- 
ſequently, the plane through HK, LM is a 
(23. 1.) circle of which LM is a diameter. 
But HK is perpendicular to LM, 110. 11. 
Elem-), becauſe DE is perpendicular to 
BC: Therefore the rectangle LK M is equal 
to the ſquare of HK 3 Elem'); and, 
in like manner, the rectangle BGC is equal 
to the ſquare of DG: Therefore the ſquare 
of DG is to the ſquare of HK, as the rect- 
angle BG to the rectangle LKM ; and GC 
1s equal to KM ; therefore the "reSlangle 
BGC is to the rectangle LKM, as BG to 
LK, that is, as GF to KF: Therefore the 
ſquare of DG is to the ſquare of HK as the 
ſtraight line GF to. the ſtraight line KF. 
Let, therefore, a parabola (19. 1.) be deſcri- 
bed, which may have GF for a diameter, 
and F for the vertex of GF, and in which 
- DG may be ordinately applied to the: ſame 
GF: And becauſe the point D, hy con- 
ſtruction, is in the parabola deſcribed 

| 2255 H is likewiſe in his IRE NG | 


(2. 
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(2 cor. 1g. 1.) And the ſame thing may 


be demonſtrated” with regard to all) the 
r of the ſection DBE. 


2 


e l ** ＋ Pappas as it 
is extant in the firſt book of Apol- 


 bonius' 5 Conic Seftions. 


Let ABC "6 a line, and let AC 
be a ſtraight line given in po- 
ſition ; ; and let all the ſtraight 

2 lines drawn from the line ABC, 
{ſo as to be at right angles to 
AC, be ſuch, that each of them 
may have its ſquare equal to the 

rectangle contained by the ſeg- 
ments, into which it cuts AC; 
ABC is the circumference of a 

circle, and AC a diameter of 

that circle. . 


; is 1. 


From 


Fig. 16. 
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From the points D, B, E draw perpendi- 
eulars DF, BG, EH : Then the ſquare of 
DF is equal to the rectangle AFC; the 
ſquare of BG to the rectangle AGC, and 
the ſquare of EH to the rectangle AHC. 
Biſect AC in K, joining KD, KB, KE: 
Then, ſince the rectangle AFC, together 
with the ſquare of FK, is equal (5. 2. E- 
lem.) to the ſquare of AK, and that the 

ſquare of DF is, by hypotheſis, equal to 
the rectangle AFC; the ſquare of D, to- 
gether with the ſquare of FK, is equal to 
4 the ſquare of AK: Therefore rhe ſquare of 
| oy D171: Elem.) is equal to the ſame 
* 4. ſquare of AK: AK, therefore, i is equal to 

- KD. In like manner, each of the ftraight 

lines BK, EK may be proved to be equal 

to AK or KC; therefore ABC is the cir- 
cumference of a circle which has the point 
'K for its centre, and is deſcribed about AC 


as a diameter. 
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DEFINITIONS.» 


E oY in two points B, E, taken in a plane, Fig. te 
| are fixed the ends of a ſtring, the ke 
2 length of which is greater than the di- 

ſtance between theſe points; and if the 

point of a pin H applied to the firing, and 

held ſo as. to keep it uniformly tenſe, is 

moved round, till it return to the place 
from whence the motion began: The 
point of the pin, as it moves round, de- 
ſcribes upon. the plane line Barr the Ei. 


LIPSIS, 
II. The 


7% CONIC SECTIONS. 


II. The points D, E are named the foc:. 
III. The point C which biſects the 
ſtraight line between the foci, is named the 
centre of the ellipſis. . 
IV. A ſtraight line paſſing through the 
centre, and terminated both ways by the 
ellipſis, is named a diameter; and the 
points where a diameter meets the ellipſis, 
are named the wertices of that diameter. 
V. The diameter which paſſes through 
the foci, is named the greater axis. 
VI. The diameter perpendicular to the 
greater axis, is named the leſſer axis. 
VII. Two diameters, each of which bi- 
fects all ſtraight lines in the ellipſis that 
are parallel to the other, are 3 confu- 
gate diameters. : 
. A ſtraight Une t not paſſi ing PET 
the centre, but terminated both ways by 
the ellipſis, and biſected by a diameter, is 
ſaid to be ordinately applicd to that diame- 
ter, or it is named, ſimply, an ordinate to 
that diameter, Alſo a diameter parallel to 
A ſtraight line ordinately applied to ano- 
0 ther 
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ther aden is ſaid to be ordinately ape. 


plied to that other diameter, 
IX, A third proportional to two conju- 


gate diameters is called the Jatus rectum, 


or the parameter, of that diameter, which 


is the firſt of the three proportionals. 
X. A ſtraight line which meets the el- 


lipſis only in one point, is aid to touch it 


in that point. 
P R O P. I, Tuzon. 


If two ſtraight lines be drawn 
from any point in an ellipſis to 
the foci, they are together e- 
qual to the greater axis. 


The two ſtraight lines HD, HE drawn 
from H, a point in an ellipſis, to the foci D, 
E, are together equal to AB the greater axis. 
Becauſe H is a point in the ellipſis, HD, 

HE are together equal to the length of the 


ins with which it is deſeribed; and be- 
cauſe 


Fig. 1. 


- Tal oN LG SECTION 


cauſe;the.point A is like viſgę ip, the:allipſis, 
DA, EA are together equal to, thelengthiof 
the ſtring. For a like reaſon, EB, DB 
are together equal to the ſame Jength : 
DA, EA are, therefore, equal to EB, L DB. 
Take away the common part DE, a0 the 
remainder, to wit, twice Ab, vill be e- 
qual to the remainder twice EB: AD, 
therefore, is equal to EB. Add the com 
mon part AE; and AD, together with AE, 
will be equal to the greater axis: But AD, 
together with AE, is equal to che length of 
the ſtring, that is, to HD together with 
HE; therefore HD and HE are together 
—_— the greater axis AB, 
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=_ Con. 1. The greater axis is biſeQed i in 

= the centre C. For ſince (def. 3.) DC is e- 

y qual to EC, and that DA is equal to EB; 

=_ AC1 is equal to CB. 

, Cor. 2. Two ſtraight lines drawn from 

#4 RE EPA without an ellipſis to the foci, are 

a = |. rogether greater than the greater axis; but 

E if drawn from a point within an n eljiplis to 
the 
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the foei, they are re (20. 1. Elem, ) een 
leſs than that axis. e 


Con. 3. A point is either in, without, 
or within, an ellipſis, according as two 
ſtraight lines drawn from it to the foci are 
either equal to, greater, or leſs, than the 
greater axis. 


| Cor. 4. The ditagce of either vertex F, 
or G of the leſſer axis from either of the foci, 
is equal to half the greater axis. Join GD, 
GE: Then, becauſe CD is equal to CE, 
and CG common, and the angles at C right 
angles; the triangle CDG is equal to the 
triangle CEG; therefore DG is equal to 
EG: But DG and EG are together equal 
to the greater axis ; therefore each of them 


- 18 equal to the half of it. 


Cor. 5. The leſſer axis FG is | biſeQted 
in the centre. Draw ftraight lines DF, 
DG from the focus D to the vertices of the 
leſſer axis; then DF, DG, by the preceding 
corollary, will be equal; the angle DEC is, 
therefore, equal to DGC, and (def. 6.) 

| 3 DCF, 
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Dc, Dc are rightangles; therefore CF is 
2 1 75 Nen! equal 19 0 h DD to 
4 IA 13 111 161; 


PROP, I. Tnxon. 


The ſquare ol hols hy lefler axis is 
equal to the rectangle contained 


31391 


by the ſegments of the greater 
axis, intercepted between. the 
vertices of that axis and either 
ofthefods”*: epo d 303% 


"413 3 


Fig. 1. From either focus as s E to either vertex 


of the leſſer axis as G, draw the ſtraight line 
GE; let C be the centre of the ellipſis, and 
A, B the vertices of the greater axis: Then 
the ſquares of GC, CE are together equal to 
the ſquare of GE, that is, to the {quare 
(4 cor. 1. 2.) of CB, that is, to the rect- 
angle AEB together with the ſquare of 
EC (C. 2. Elem.): : Take away the common 
ſquare 
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ſquare of CE. and the- remaiding ſquare 
of GC will be equal; to the,remainieg 


rectangle AEB. 
7 4 L \ z „ _ 4 | 
P R O P. II. . 


Every diameter of an ellpli i is bi 


1 


E ſected in the centre. e 


#4; 


2P4 HR" be a Pos it is bile&ed in the Fig. : 2. 


colts : For if CK be not equal to CH, 
let Ck be equal to CH; and from the points 
H, K, draw ſtraight lines to the foci 
D, E: Then, becauſe CD is equal to CE, 
and that Ck is made equal to CH; the trian- 
gle DCH is(4- 1. Elem. ) equal to the triangle 
EC, and the baſe DH to the baſe Ek. In 
the ſame manner, EK is ſhewn equal to Dt: 

Therefore Ek, Dk are together equal to DH 
and HE together, that is, to EK and DK 
together: Which is (21. 1. Elem,) abſurd ; 

therefore CH is equal to CK. ; 
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if a ; Als Kag be . Fron#th 8 


5 2 in an ellipſis, at right an- 
gles to the greater axis ; : and if 
another ſtraight line be drawn : 

from the ſame point tothe neareſt 

focus; half the greater axis is te 
the diſtance of this focus from 
the centre, as the diſtance be- 
tween the centre and the per- 
pendicular i is to the exceſs of 
half the greater axis above the 
= collrnight line drawn to this fame 
mn - 


b 7 © $4 


*% 1s. rden H, a point in an ellipſis, let Hk 


be drawn perpendicular to the greater axig 
ak mY RG drawn from the lame point to 


the 
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che focus E: Then CB, the half of the great- 
er axis, is tO CE, the diſtance, of the focus 


E from ths centre, as CK, the diſtance be- 


| tween the centre C, and the f 
HK is to the exeeſs of CB above HE. | 
Having made BL equal to EH, and 
drawn HD to the other focus, deſeribe 
from the centre H, diſtance HE, a cirele 
metting the axis AB again in O, and the 
ſttaighut ine DH in the points M, N: Then, 
becauſe DE is the double of CE, and OE the 
_ double of (3.3. Elem.) KE, the whole, or 

the emainder, DO, is double the whole, or 
the remainder, CK: And becauſe DN is e- 
qual to DH together with HE, that is, to 

(1. 2.) AB, therefore DN is the double of CB: 
But MN is the double of HE or LB - there- 
fore the remainder DM is double the remain- 
der CL: And becauſe of the circle, the 
rectangle NDM is (cor: 36. 3. Elem.) equal 
to the rectangle EDO ; therefore, a8 (16. 6. 
Elem.) ND or AB to DE, ſo is DO to DM: 
But tlie halves of magnitudes have the 
| ſame ratio to one another which the wholes 


have: 


Fig. 1. 
n. 1. 
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Mer 2 A4 therefore CB co CE, Ifo is CK 
to L, the exceſs of C . or 


1 11 F 1 I 
z SF: GL ? #3 & A 


Cox. If in a ſtraight line AB given in 
poſition and magnitude, and biſected in 
C, a r E be taken between the points 
BY O; and from a point H, KH” be 


drawn perpendicular to AB; and HE'be 
joined, and BL placed equal to it towards 


the point C; and if CL, CK, CE, BC be 


proportionals, and L, K be on the ſame 
ſide of C; the point H is in an ellipſis gi- 
ven in poſition, that is, in an ellipſis that 
has AB for the greater axis, and che * 


E for one of the foci. e 


Make A equal to BE, and, as directed 
in the firſt, definition, deſcribe an ellipſis 


that mall bave AB for the greater axis, 
and the points D, E for the foci; the point 


H will be in that ellipſis: For, if not, let 


EKH meet the ellipſis in the point Q; join 
EQLand make BR equal to it: Therefore, 


by the propoſition, as CR to CK, {o,is CE 
| to 
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10 CB: Buti by hypotheſis CL is to K 
as CE to CB; therefore CR is to K as CE 
to CK : CL, therefore, is equal to CR: 
which is abſurd: The ellipſis, therefore, 
; meets not the ſtraight line KH in Q; nor, 
as may in like manner be proved, does it 
meet HK in any other point on the ſame 
ſide of AB than the point H. Therefore 


z n H is in the ellipſis. e veal 
 *DISWO3 111. 07 1815 [= TH34M 
0 1 2 d 


Ist 9 P R 0 2 v. TERROR. | 


1 811 g. 51 
. 4 


wes 


The me conſtruction remaining, Fig. 1. 

if from the vertex of the great: i 
er axis neareſt to H, the part 
BL be taken equal to the diſ- 
tance of H from the focus Ez 

the ſquare of the — Ol 
HK, is equal to the exceſs of 
the rectangle AKB, contained 
by the ſegments into which 

the 
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the axis is divided in the point 
EK, above the rectangle DLE, 


contained by the ſegments in- 
to which the diſtance of the 
foci is divided in the point L. 


For ſince the ſtraight line CB is cut into 
any two parts in the point L, the ſquares 
of BC, CL are together equal (7. 2. Elem.) 
to twice the rectangle BCL, together with 
the ſquare of BL, that is, ro twice (pre- 
ced. prop. and 16. 6. Elem.) the rectangle 
ECK, together with the ſquare of BL, or 
HE, that is, to twice the rectangle EK, 
together with the ſquares of KE, KH, that 
is, to the (7. 2. Elem.) ſquares of EC, CK, 
and KH together ; The ſquares, therefore, 
of BC, CL are together equal to the ſquares 
of EC, CK, and KH together: But the 
ſquares of BC, CL are together equal ( F. 2. 
and 2. ax, Elem.) to the rectangle AKB, to- 
gether with the ſquares of CK, CL; and 
the ſquares of EC, K. and KH are toge- 

ther 
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; rg Pri e BP CL, arg tpge- 


ual 1 2 2. ax. Elem. 95 to. the 
11 + 7B with the ſſuares 


of CK; hari” ſquares of EC, CK, and 


KH together are equal (5. 2. and) z. ax. E- 
lem) to the rectangle DLE, together with 
the ſquares of CL, CK, KH; therefore the 
rectangle , AKB, together with the ſquares of 
CK, CL, are equal to the rectangle DLE, to- 
gether with the ſquares of CL, CK, KH: 


1 1 
Food theſe equals take away the common 


= ET * Tort! 


ſquares of CK, CL, and there will remain 
theltettangle' AKB, equal to the rectangle 
DLE, \ together with the ſquare of HK: 
Therefore the ſquare of KH is the excels 


5 of the reQtangle ARB above the reQangle. | 
15 R Oo P. VI. Turor, © 

If a (eaight line be drawn fr 6 
point of an ellipſis, perpendicy- 
lar to either axis; the ſquare 
of that axis is to the ſquare of 
the other axis, as the fectangle 
contained by the ſegments of 
L . 


Fig. 1. 


B. Is 2. 


FI contre SECTIONS. 2 


the firſt mentioned axis is to 
the ſquare of the perpendicular. 


In the ellipſis let H be the point from 
which the ſtraight line is drawn perpendicu- 
lar to either axis, &c. 


Firſt, let HK, be perpendicular to 


AB the greater axjs; the ſquare of AB is 


to the ſquare of FG as the rectangle AKB 
to the ſquare of HK. Having drawn to 
the foci D, E two ſtraight lines HD, HE, 
place, from the vertex of the greater axis, 
and towards the centre C, the Rraight line 


BL equal to HE the leſſer of them; and 


becauſe CB, CE, CK, CL are (4. 2.) pro- 


_portionals, their ſquares are alſo propor- 


tionals: But the ſquare of CB is (5. 2. E- 


lem.) made up of the ſquare of CK and the 


rectangle AKB; and the ſquare of CE of 
the (5. 2. Elem.) ſquare of CL and the rect- 


angle DLE; therefore the ſquare of CB is 
(4. of this and 19. 5. Elem.) to the ſquare | 


of CE, as the remaining rectangle AKB to 
the remaining rectangle DLE; and, by 
e the ſquare of CB is (F. 2. E- 

lem.) 


* 


89 * 


lem.) to the rectangle AEB, as the rectan- g 


gle AKB to its exceſs above the rectangle 


” 3 
„„ 
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DLE, that is, as the rectangle AKB to (pre- : 
ceding prop.) the ſquare of KH: But . 
2.) the rectangle AEB is equal to the 
ſquare of CF: Therefore, as the ſquare 5 


of CB to the ſquare of CF, ſo is the rect- 
angle AKB to the ſquare of KH; the ſquare, 
therefore, of AB is to that of FG, as the 
rectangle AKB to the ſquare of HK, 
In the other caſe, let HP be perpendicu- 
lar to the leſſer axis; the ſquare of FG is to 


the ſquare of AB, as the rectangle GPF 


to the ſquare of HP. The ſquare of CB, 


as hath been proved, is to the ſquare of CF, 


Fig. i 
1 25 


as the rectangle AKB to the ſquare of HK 


or PC: therefore the ſquare of CF (prop. 


B. and 19. 5. Elem.) is to the ſquare of CB, 


as the rectangle FPG to the ſquare of CK, 
that 1s, as the rectangle FPG to the ue 
of HP. 


Cox. 1. Hence the ſquares of ſtraight 


lines drawn from points of an ellipſis per- 


pendicular to either axis, are to one another 
as 
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as the rectangles contained by the ſegments 
Fig. 2. of that axis, For let HM, PQ be perpen- 
dicular. to the axis AB in M and A; and, by 
the propoſition, the rectangle AMB is to the 
ſquare of HM as the ſquare of AB to the 
ſquare of FG, that is, as the rectangle 
AQB to the ſquare of PQ; and, alternate- 
ly, the rectangle AMB is to the rectangle 
AQB, as the ſquare of HM to the ſquare 
K 
Tig. 2. Cox. 2. If a crils be deſcribed upon ei- 
ther axis as a diameter, and MH, Qp per- 
pendicular to that axis, meet the circumfe- 
rence in the points N, R; theſe perpendi- 
culars between the axis, and the circumfe- 
rence of the circle, are to one another as 
their ſegments between the axis and the el- 
lipſis: For the rectangles AMB, AQB are 
equal (35. 3. Elem.) to the ſquares of MN, 
QR, each to each: Therefore the ſquare 
of MN is to the ſquare of QR, as the 
ſquare of MH to the ſquare of QP ; con- 
ſequently the ſtraight lines MN, QR, MH, 
QP themſelves are alſo 2 7 2. 6. n ) 
proportionals. 


Dx ————— 


4 ä * a” > i. v G_T.” [5 FY 3 W A Bo, 0 4 ' 
7 „ 4 a 1 28 7 " n a x4 ; - if U W 
8 ' 4 . F 
- - 4: l l = mw i - 3 "o 
r =— * 2 5 * < " FC oh rs bs r 
- T 28 3 2 n n l e * E * 
— <P, OR x 33 99 8 | 45 Sy F 
on EE OE r n I 45 by - > * 
— 1 2 [4 l D_ = 4 = = TY 3 r [> = 3 nn 5 
— - = 8 * 8 B PF ST] HFS =: " \ 
- — 2 " 2 — : 
r "ye N 2 4 —_ : — ——— * oY 7 75 
I N = re my, gn 7 7 n . — ö _- h * 
C 2 by 4 Fc x 4 Fx rn he — 0 H b : = 5 Lo 
—— — — g 2 _ g a y 9 
—— — — — — —— — — — ect — — — SO — SY 
- b ws — — — 
n 
x 4% 
9 . 
F 
0 to 


PROP, 
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PR 0 P. VII. Tuzon. 
Every ſtraight line terminated 
both ways in an ellipſis, and 
parallel to either axis, is biſect- 
ed by the other axis; or, what 
is the ſame thing, the axes are 
conjugate diameters. 


Let HL be parallel to the axis FG, and Fig. 2. 
meet the other axis AB in M, and the cir- 
cle deſcribed upon AB in the points N, O; 
then, as MN to MO, (2. cor, preceding 
prop.), ſo is MH to ML: And becauſe 
NO is cut at right angles by AB, MN is 
equal to (3. 3- Elem.) MO; therefore 
MH is alſo equal to ML. 


FECT, VIII. "Taxon, 
Every ſtraight line terminated 
both ways in an ellipſis, and 
biſected by one axis, is parallel 


to the other. 
| If 
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Fig-2 If the ftraight line HP is biſected in 
8 by the axis FG, it is parallel to the 
other axis AB, Draw HM, PQ paral- 
lel to FC, and let them meet the circle 
deſcribed upon AB in the points N, 
R: Then, becauſe HM, FC, PQ are pa- 
rallels, as HS to SP, ſo is MC to CQ : But 
HS is equal to SP; therefore, alſo, MC is 
equal to CQ; conſequently MN is (14. 3. 
Elem.) equal to QR; and therefore HM 
is equal to (2. cor. 6, 2.) PQ: But HM 
is alſo parallel to PQ; therefore HP is (3. 
3. 1. Elem.) parallel to MO. 
Cor. Hence ſtraight lines HM, PQ, 
parallel to either axis FG, and which cut 
off between the centre and the points 
where they terminate in the other axis, e- 
qual ſegments MC, QC of this other axis, 
are equal to each other: And, on the con- 
trary, if HM, PQ be equal to each other, 
and parallel to either axis, they cut off 
(2. cor. 6. 2. and 14. 3. Elem.) equal ſeg- 
ments MC, QC of the other axis. 


PROP. 
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PROP. IX. Turon. 


Of all Aeters the greater axis 
is the greateſt, and the leſſer 
axis the leaſt; and a diameter 

which is nearer to the greater 


axis, is greater than one more 


remote. 


Let CB be half the greater axis, and FC 
half the leſſer; let CH be any other ſemi- 


diameter, and draw HM at right angles to 


Fig. 2. 


CB: And becauſe the ſquare of CB is to 
the ſquare of CF as the rectangle AMB to 
the ſquare of HM, and that (4. cor. 1. 2.) 
CB is greater than CF; therefore the rect- 
angle AMB. is greater than the ſquare of 


HM: To theſe unequals add the common 


ſquare of CM ; and the ſquare of CB (5.2. 


Elem.) will be greater than that of CH 


(47. 1. Elem); and conſequently the 
ſtraight line CB will be greater than CH. 
Next draw HS at right angles to the leſſer 
axis, 
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axis, and it may, in the ſame manner, be 
demonſtrated, that CF is leſs than Cj: 


Therefore, of all ſemidiameters, CB is the 
greateſt, and CF the leaſt. 


Let now CT be more remote from the 
greater axis than CH ; and then CH will be 
greater than CI: Draw TV parallel to 
HM, and let it meet AB in V, and the 
ellipſis again in X, and let Z be Parallel 
to MV, and make CQ equal to CM. . 

Becauſe the rectangle AVB, which con- 


Os of the * * reflangles AMB and . M, 
1s 


* This is demonſtrated in prop. 31. book 7. of . 
pus Alexandrinus The propoſition is to this purpoſe. 
« Ifina ſtraight line AB two equal ſtraight lines AQ», 
BM be taken, and alſo any point V between Q and M; 
the rectangle AVB is equal to the rectangles AMB, QVM 
together.” For AB being biſeQed in C, the rectangle 
AVB, together with the ſquare of CV, is (5. 2, E- 


lem. ) equal to the ſquare of CB, that is, to the rectan- 


gle AMB, together with the ſquare of CM (5. 2. E- 
lem.) that is, to the rectangle AM, together with the 
rectangle QVM, and the ſquare of CV (5. 2. Elem. ). 
Take away the common ſquare of CV, and the remain. 
ing rectangle AV is equal to both the I rect. 
angles n, Q YM. | 
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is to the ſquare of VT, which (5. 2. Elem.) 
is made up of the ſquare V2 and rectangle 
TZ X, as (1. cor. 6. 2.) the rectangle AM 


to the ſquare of MH or V4; the whole 


the reQangle AVB,. is to the whole the 
ſquare of VT, as (19. $5. Elem.) the re» 
maining rectangle QM to the remaining 
rectangle TZX : But the rectangle AVB is 
(6. of this and prop. 4. 5. Elem;) greater 
than the ſquare of VT; cherefore the rect- 
angle QVM is alſo greater than 6 2 1 8. 
To theſe unequals add the ſquare of CV, 
and the ſquare of CM (5. 2. Elem.) will 

be greater than the rectangle TZX together 
with the ſquare of CV. . Superadd to the 
ſame; unequals, the ſquare of MH or ZV, 
and the ſquares of CM, MH together, will 
be greater than the ſquares of VT, VC to- 
gether ; that is, the ſquare of CH is great- 
er than the ſquare of CT; and therefo:e 
CH is greater than CT. 


1 L E M- 


4 
T#F 19 . * 5% F | 
= . 2 


l : ; ts & JF '# &£< Ho 
' / 


0 N 1 
6 - "© » Wi he; {4 4 


Tig- 3 3+ If a point A be en: in a nnn 
line AE, and two parallels BC, 

Dk be drawn on the ſame tide | 

20s of. AF, and on the ſame ſide of 

the point A, or on the contrary 
ſides of AE, and on the contra- 
ry ſides of the point A; if theſe 

parallels have the Ane ratio to 

each other, as the ſegments of 

AP. which are antercepted be- 
[Fi : tween them and the point A; 
F Tos: C the extremities B, D of the pa- 
AY ; . rallels_ and the point A are in 

£08 | 1 8 ſtraight line. 


1 


4 Fig. 3. tn 1 one cafe, complete the parallelo- 

| 2 AB, AD; theſe are ſimildf, and 

Ti} | Have the angle At A common: Conſe- | 

| | Meat they are about the ſame 126. 5. 
Set Elem.) 
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Elem. ) diameter, thar 1 is, the points A, B, 
D are in the ſame ſtraight ine. 
In the other caſe, join BA, DA: And 


Fig. 4. 


becauſe BC is to CA as DK to EA, and the - 


angle BCA equal to DEA, the triangles 


ABC, ADE are equiangular, (6. 6. Elem. ); 


conſequently the angle EAD is equal to 


the angle CAB: And therefore AB, AD 
make 64. x + Elem, 0 one ae line. 


114102 


If two! Gperalla ſtraight lines AC, 
Bb be drawn from two points 
A, B, and other two parallels 
AE, BF, from the ſame points, 
either coinciding or not coin- 


ciding with the parallels AC, 


BD, and having the ſame ratio 
to each other as the parallels 


TH 


IE” BD, and lying on the 


ſame 


ſame ſide of AB, or on the con- 
trary ſides of it, according as 
the parallels AC, BD are on 
the ſame ſide of AB or on the 
contrary ſides of it; and if a 
ſtraight line be drawn either 
through the extremities of the 
two firſt, or two laſt of theſe 
parallels, the point G where it 
meets AB, is in the ſame ſtraight 
line with the extremities of 
the other two parallels. 1 


Let a ſtraight line be drawn, for example, 


through C, D the extremities of the parallels 


AC, BD, and let it meet the ftraight line AB 
in the point G ; the extremities E, F of the 


other two parallels AE, BF, and the point 


G. are in the ſame ſtraight line. For 
ſince the triangles AGC, BGD are equian- 
gular, AG is to BG as AC to BD: But AC 
is to BD Lg hypotheſis) as AE to BF; 

therefore 
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55 e e AG. is to BG as AE to BF; Con- 


| ſequently, by the preceding lemma, the 
points G, E, F are in one and the ſame 
ſtraight line. In like manner, if a ſtraight 


line be drawn through the extremities E, 


PF of the parallels AE, BF the point where 


ir meets AB, and the extremities C, D of 


the other two parallels, are in e ſame 
ſtraight line. 


LEMMA II. 

The ſame hin being All 8 
ſed which are ſuppoſed in the 
ſecond lemma, if through the 
extremities of either of the two 
parallels two ſtraight lines be 

drawn parallel to each other, 


and interſecting AB; the 
ſtraight lines that join the two 


points of interſection, and the 


correſponding extremities of 


the 


Fig. 9. 
10. 11. 
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the other two parallels, are 


* parallel. 


For example, Fo CH, DK be drawn pa- 
rallel to each other through the extremi- 
ties C, D, of the parallels AC, BD ; and let 
them meet AB in the points H, K ; the 
ſtraight lines EH, FK, which join the ex- 
tremities of the other two parallels AE, 
BF, and the correſponding points H, K in 
the ſtraight line AB, are likewiſe parallel. 

Becauſe both AC, BD, and CH, DK, 
are parallels, the triangles ACH, BDK are 
equiangular ; therefore AH is to BK as 
AC to BD, that is, by hypotheſis, as AE 
to BF; and the angle EAH is equal to 
FBK: Therefore the triangle AHE (6. 

6. Elem.) is equiangular to BKF : There- 
fore the angle AHE is equal to BKF; and 
conſequently EH is (27. and 28. I. * 
parallel to FK. 


PROP. 
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bl from any point of an ellipſis Fig. 12. 
3 which is not the vertex of 
2 either axis, a ſtraight line EF 
3 be drawn parallel to either axis 
= ' CD, meeting a circle deſcribed 
I upon the other axis in the point 
[ , and if another ftraight line 


be drawn touching the circle in 
the point where the parallel 
meets it; this other ſtraight 
line meets the common diame- 


ter of the ellipſis and the cir- 
cle; and a ftraight line drawn 


from the point where it meets 
that diameter, to the point FE 
in the ellipſis, touches the el- 
lipfis : Alſo a ſtraight line which 
is drawn through the veitex of 
either 


\ 
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either axis is parallel to the kr 
axis, touches the ellipſis. : 


Let AB be the other axis of the ellipſis, 
and C the centre of the. ellipſis and circle, 
and join CG; let GN touch the circle 
in G, and meet the common diameter AB 
in H; the ſtraight line that joias the point 
H and the point E taken in the elliplis, 
touches the ellipſis. 

Becauſe CGN i is a right. angle, and GCB 
leſs than the right angle DCB ; GN, GB 
will neceſſarily meet: Let them meet in 
H, and join HE; HE will touch the ellip- 
ſis in the point E: For if not, let it, if poſſi- 
ble, meet the ellipſis again in K, and through 
K draw a ſtraight line parallel to EF, to 
meet AB in L, and the circle in M : Then, 
becauſe EF is to KL as GF to ML, (2. cor. 6. 
2.) and that the points H, K, E are in one 
ſtraight line; the points H, M, G are like- 
wiſe in one (lemma 2.) ſtraight line: 
Therefore the ſtraight line, HG meets the 
cirele in two e G and M: But, by 
4 | bypotheſis, 
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hypotheſis, the ſame HG touches the cir- 


cle; which is abſurd: Therefote HE, 


meets the ellipſis no where but in the point 
E; and conſequently touches it in ys 


| point; | | 
Next, through D, the vertex of either 


Fig. 12, 


AX18 CD, let a ſtraight line be drawn pa- 


rallel to the other axis AB; this ſtraight 
line touches the ellipſis: For if not, it will 


meet the ellipſis in more points than one, 
jet it, if poſſible, meet the ellipſis a- 
gain in O; and through O draw a ſtraight 


line parallel to CD, meeting AB in P, 


and the circle in Q; alſo let CD meet 


the circle in R. Then, becauſe CO is a 
parallelogram, CD is equal to PO; But 


as CD to PO, fo is CR to PQ» (2. cor. 


6. 2.); CR, therefore, and PQ are equal: 
But they are alſo parallel; therefore, if QR 
be joined, it will be parallel to CP; and 
the angle QRC is, therefore, a right angle. 
And thus RQ, drawn perpendicular to a 


diameter of the circle from the extremity 


of that diameter, falls within the circlez 
which is abſurd, (16. 3. Elem.): There- 
fore DO touches the ellipſis. 


SVW. 
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Con. 1. If EH touch the ellipſis, and 
GH be joined, it may be ſhewn in the 
ſame manner that GH touches the cir- 
Ae. "HB 

Con. 2. From a point in an ellipſis, on- 
ly one ſtraight line can be drawn which 
will touch that ellipſis: Were it poſſible 
for two ſtraight lines to touch the ellipſis 
in one and the ſame point, two could alſo 
touch the circle in one point; which is 
againſt the cor. to 16. 3. Elem. + 

Cor. 3. A ftraight line cannot meet 

an ellipſis in more than two points; for 
could a ſtraight line meet the ellipſis in 
more than two points, a ſtraight line could 
alſo meet the circle in more than two 
points; which would be an abſurdity : 
The ellipſis, therefore, is convex on the 
fide where ſtraight lines touch it, but con- 
cave on the contrary ſide. 112 
Cor. 4. The angle contained by any dia- 
meter, which is not either axis of the el- 
lipſis, and that part of the tangent at its 
vertex which meets the greater axis, is 
greater than a right angle. Let CE be 
| 5 the 
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the Jiamerer; ZH the ra9gent, and AB the 


greater axis, the other things remaining | 


as in the propoſition; the angle-CEH is 


greater than CGH, that is, (2 1. 1. Elem). 
greater than a right angle. | 


Cok. 5. The propoſition points out a 


method by which, if the greater axis be gi- 


ven in poſition and magnitude, a ftraight 


line can be drawn that ſhall touch an ellip- 


ſis deſcribed upon the axis, in a given point. 


Cor. 6. Two ſtraight lines touching an 
ellipſis in the vertices of a diameter are pa- 
rallel. 


Let EH, 8T touch the ellipſis in the 


: vertices of the diameter ECS, and let 
them meet the axis AB in H, T; draw 
EF, SV perpendicular to the ſame axis, 


meeting the circle deſcribed upon it in 
G, X; join GH, XT, which, by cor. 1. 


will touch the circle in G, X: And becauſe 
GF, XV are divided in the ſame ratio, (2. 
cor. 6. 2.) in the points E, 8, and that ECS 


is a ſtraight line; therefore the points G, 
C, X are alſo in a ſtraight line (lem. 2.) : 


And nne GH, XT, which touch the 


| circle 


Fig. 12. 125 
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eirele in the vertices of the diameter GX, 


are parallels, EH, 8T are alſo parallels, 


(lem. 3.) 


Fig. 13. 


P RO F. XI. Turok. 


If from a point of an ellipſis two 
ſtraight lines be drawn to the 
foci, and a ſtraight line be drawn 
biſecting the angle adjacent to 
that contained by theſe two 
ſtraight lines; that ſtraight line 
touches the ellipſis. 


Caſe 1. When the ſtraight line biſecting 


the angle is parallel to the greater axis. 


Let AB be the greater axis, C the centre, 
and D, E the foci; from a point F of the 
ellipſis draw the ſtraight lines FD, FE; let 


FH, which biſects the angle EFG, be pa- 


rallel to the greater axis AB; FH touches 
the ellipſis. Make FG equal to FE, join 
EG, and let it meet FH in H; then, ſince 
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Fk is equal to FG, and FH common, and 


the angle EFH equal to GFH, EH is equal 


to HG: And FH, ED being parallels, EH 
is to HG as DF to FG ; DF, therefore, is 
equal to FG, that is to FE; and in the 
triangles DFC, EFC, FC is common, and 
DC equal to CE; therefore (8. f. Elem.) the 
angles at Care equal: And thus each of 
them is a right angle; therefore CF is (def. 
6. 2.) the half of the leſſer axis; and con- 
ſequently, FH, which is parallel to the other 


axis, touches (10. 2.) the ellipſis. 
Caſe 2. Let now FH be inclined to the 


Fig. 14. 


greater axis, and meet it in K; and the re- 


maining part of the conſtruction in the firſt 
caſe being repeated, draw FL at right angles 
co the ſameaxis, and let it meet the circle de- 
| ſcribed upon AB in the point M: Joining 
MK, and drawing MC to the centre, make 
BN equal to EF; AN will conſequently (1. 
2.) be equal to DF. And ſince the outward 
angle EFG of the triangle DFE is divided 
into two equal parts by the ſtraight line FH, 
which” meets the dun DE 1 in the point K; 
| therefore 
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therefore DK is to KE as DE to FE (Prop 


A. 6. Elem. ), that is, as AN to NB: And 


by compoſition, DK together with KE is to 


KE as AB to NB. Take the halves of 
the antecedents, and CK* will be to KE as 
CB to BN; and, by converſion and alter- 
nation, CK is to CB as CE to CN, that is, 
as CB to CL 4. 2.): But CB is equal to 
CM; therefore, as CK to CM, ſo is CM to 
CL: Therefore the triangle CMK is equian- 
gular (6. 6. Elem · to CLM. But CLM is a 
right angle; therefore the angle CMK is 
alſo a right angle; and conſequently the 


- ſtraight line MK touches the circle, (16. z. 


Elem.); therefore FK touches the Ahacke 
en 2. ]). 5 | 
Otherwiſe : Produce DF to G. ſo 1 
FG may be equal to FE; and in EK take 
any point O, and join OD, OE, OG, and 
EG, and let this laſt meet FK in P; then, 


beeauſe FE is equal to FG, FP common, 


and 


See Prop. 8. Elem, Plane Trigon. annexed to our 
author's edition of Euclid's Elements. 
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and the angle E FP equal to GFP; therefore 
Ep, GP are equal, and the angles at P right 
angles; therefore OE is equal to OG: But 
DO, OG are together greater than DG; con- 
- ſequently DO, OE are together greater than 
the ſame DG; that is, than DF, FE together, 
that is, than the greater axis AB: The 
point O is, conſequently, without the ellip- 
ſis, (3. cor. 1. 2.); and, e FR 
| touches the ellipſis. 


-— Con. On the contrary, if a ſtraight line 

FK touch the ellipſis, and DF, FE be 
drawn from the point of contact to the fo- 
ci; the angles DFO, EFK, which DF, FE 
make with the tangent in contrary direc- 
tions of it, are equal. For let them be 
unequal ; then DF being produced to G, 
the angles EFK, GFK are likewiſe une- 
qual: But by the , propoſition, a ſtraight 
line which biſects the angle EEG touches 
the ellipſis; and by the hypotheſis, FK 
which does not biſect the angle EFG like- 
vuViſe touches it in the point F; which is (2. 
cor. 10. 2.) abſurd. 


PR OP. 
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P/RO Pam; Pros; 


The greater axis of an ellipſis be- 
ing given in poſition and mag- 
nitude, and the foci being gi- 
'ven, to draw a ſtraight line pa- 
rallel to another ſtraight line 
1 Eo given in poſition, and which 


| ſhall touch che ellipſis. 


Fig. 14. Let AB be the greater axis, D, E the 
foci ; let ST be a ſtraight line given in po- 
ſition: From E, either of the foci, draw 
EV at right angles to ST, and from the 
other focus D, as a centre, with a diftance 
equal to AB, deſcribe a circle : This circle 

will meet EV in two points; of which let 
G be either; and having joined DG, draw 
EF to it, making the angle GEF, equal to 
EOD; and through F draw FK parallel to 
OT; FR touches the ellipſis in the point F. 
| Becauſe the angle GEF is equal to EGF, 
„„ 5 "BE 


* 


Bock III TIE ETI IIS 18. wy 


EF is equal to FG; therefore DF, FE are 
together equal to DG, that is, to the great» 
er axis AB: The point F is, therefore, in 
(3. cor. 1. 2.) the ellipſis. Let EK meet 
the ſtraight line VE in P; and becauſe FK, 
ST are parallels, and EV being at right an- 
gles to S is likewiſe at right angles to FP: 
Therefore the angles EFP, GFP are equal; 
and therefore (preced. prop.) FK touches the 
ellipſis, In like manner, by employing the 
other point, where the circle deſeribed from 
the centre D meets EV, another tangent can 
be drawn parallel to 8 T. 
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Every ſtraight line parallel to 4 

ſtraight line that touches the 
ellipſis, and terminated both. 
ways by che ellipſis, is biſected 
by the diameter that paſſes 
through the point of contact. 


8 - If 
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If the diameter be either of the axes; a 
tangent drawn through its vertex is paral- 


lel to the other axis, (10. and 2. cor. 10. 


2.); and thus a ſtraight line parallel to the 
tangent is alſo parallel to this other axis; 
and conſequently is biſected by the diame- 


ter that paſſes through the point of contact 


(7. 2 9 
Now let CE be any other diameter, and let 


- EF touch the ellipſis in its vertex ; let GH, 
parallel to EF, be terminated | in G, H, two 
points of the ellipſis, and meet the diameter 
CE in K; then ſhall GK be equal to KH, 

Let the tangent EF meet either axis AB 
in F; let GH meet the ſame axis in L; 


through the points E, G, H draw EM, 


GN, HO perpendiculars to AB, and let 
them meet the circle deſcribed upon AB 
in the points P, Q, R; join FP, LQ, CP; 
let LQ meer CP in the point S, and join 
SK. Then, becauſe EF touches the ellipſis, 
FP (1. cor. 10, 2.) touches the circle; and be- 
cauſe the parallels QN, RO are cut in the 


ſame ratio in the points G, H, and that HGL 


16 


"I 


PLATE V. 


. 41 


„ a 
222 
„ 7 


o 


We aller 
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is a ſtraight line, the points L, Q: Rare in a. 
ſtraight line (lemma 2.). Again, ſince the 
parallels PM, ON are cut in the ſame ratio 
in the points E, G, through which the pa- 

rallels EF, GL are drawn; therefore FP, _ 

are likewiſe parallels (lem. 3.); conſequent- 
ly, CS is to SP, as CL to LF, that is, as 
CK to KE: therefore KS is (2. 6, Elem.) 
parallel to EP, and conſequently to QN, 
RO ; therefore GK is to KH, as QS to 
SR: But QS is equal to SR, becauſe CP 
being at right angles to the tangent PF, 
is alſo at right angles to RQ. which is 

parallel to PF; therefore GK is ant to 


| KH, 


Goal 1. On the contrary : Any ſtraight 
line GH, terminated both ways by the 
ellipſis, and biſected by the diameter CE; 
or, in other words, any ſtraight line ordi- 
nately applied to the diameter CE, is pa- 

rallel to EF, the tangent at its vertex. 
For, if not, draw a tangent that ſhall be 


(12. 2.) parallel to GH; and GH will be 
biſected 
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biſected by the diameter which paſſes 
through the point of contact: but, by hy- 
potheſis, the ſame GH is biſected by ano- 
ther diameter CE ; which is abſurd. 
Con. 2. All ſtraight lines ordinately ap- 
plied to the ſame diameter are paratiel to 
one another. 
Cox. 3. If ſeveral parallels be terminat- 
ed both ways by an ellipſis, the diameter 
which biſects one of them, biſects alſo 
the reſt of them: For that one which is 
biſected by a diameter, is parallel to the 
tangent in the vertex of that diameter; 
and conſequently the reſt, are parallel to 
the ſame tangent; and therefore are bi- 
ſected by the ſame diameter. 5 
CoR. 4. On the contrary; A Araight 
line which biſeQs ſeveral parallels termi- 
nated both ways by an ellipſis, is a dia- 
meter. For if it be not, draw a diameter bi- 
ſecting one of the parallels, and this diame- 
ter will alſo biſect the others: But, by hypo- 
theſis, each of them is biſected by another 
ſtraight * which is abſurd. And if 
from 
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from the point of contact, a ſtraight line 
be drawn biſecting another ſtraight line 
parallel to the tangent, and terminated 
both ways by the ellipſis, that ſtraight line 
is a diameter, For if it be not, draw a 
diameter through the point of contact; 
this diameter, by the prop. alſo biſeQs the 
parallel to the tangent; which is ab- 
ſurd. | | 
Cor. 5. A ſtraight line which is drawn 
through the vertex of a diameter, and is 
parallel to an ordinate to that diameter, 
touches the ellipſis. | 
Cor. 6. Two ſtraight lines in an ellipſis, 
which paſs not through the centre, do not 
| biſe each other: For if they biſected 
each other, they would be each of them 
parallel to the tangent in the vertex of the 
diameter drawn through the point of bi- 
ſection, and of conſequence they would 
be parallel to each other; which is ab- 
furd. 


"PROP. 


. 


Fig. 15. 
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N Q F. XIV. TuzoR. 


Two diameters of an ellipſis, ei- 


ther of which is parallel to a 
ſtraight line touching the ellip- 
ſis in either vertex of the other, 
are conjugate diameters. 


Let ET, VX be two diameters 3 Jet ei- 
ther of them, VX, be parallel e n 
ftraight line touching the ellipſis in the 
vertex E of the other; then ET, VX are 
conjugate diameters. 

Through the vertices E, v draw per- 
pendiculars EM, VY to either axis AB, 
meeting the circle deſcribed upon it in the 


points P, Z, on the ſame ſides of the dia- 


meter AB with the points E, V; and 
from the point F, where EF meets AB, 
draw the ſtraight line FP, which will 


touch the (1. cor. 10. 2.) circle in P; and 
from the * Z, the ſtraight line Za 


touching 
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touching the / circle, and meeting the axis 


in a, join V; and a V will touch the (10. 
2.) ellipſis ; and from the « centre draw CP, 


CZ. 


Then, N the parallels PM, ZY Frm 
cut in the ſame ratio in the points E, V 


through which are drawn the parallels EE, 


VC; therefore FP, CZ are (lem. 3.) alſo pa- 
rallels: But CPF is a right angle; conſe- 
quently PC is alſo a right angle: And CZæ 


is a right angle; therefore CP, Za are paral- 


lels: And confequently CE and aV are pa- 


rallels : Therefore ſtraight lines parallel to 
CE will likewiſe be parallel to Va, which 
touches the ellipſis in V; and of conſe- 
quence they will be biſected (13. 2.) by 


the diameter CV : And becauſe CV, by hy- 


potheſis, is parallel to EF, all ſtraight lines 
parallel to CV will likewiſe be parallel to 
EF, and will conſequently be biſected by 
the diameter CE; therefore CE, CV are 
conjugate diameters (7. def. 2.) 


Con. "i And ſince CV is the onls dia- 


meter that can biſect ſtraight lines parallel 


to 


A. + 5 ; Ve" of 
1 * ” Ver * 8 
1 
I 3 . 
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to CE, and terminated both ways by the 
ellipſis, CV alone is the conjugate to 
OL - 305 db} | 

Con. 2. If, therefore, CE, CV be con- 
jugate diameters, each of them is parallel 


to the tangent drawn through the vertex 
of the other, | 


Cor. 3. On the other hand, a traight 
line drawn through the vertex of a diame- 


ter, parallel to the conjugate diameter, 


touches the ellipſis in that vertex. 
Con- 4. A ſtraight line parallel to a dia- 


meter, and terminated both ways by the 


ellipſis, is biſected by the conjugate dia- 


meter: For it is parallel to the ſtraight line 
which touches the ellipſis in the vertex of 


- this diameter; and conſequently it is bi- 
ſected by this ſame conjugate diameter, On 


the other hand, a ſtraight line biſected by 
a diameter, is parallel to the conjugate dia- 
meter- 
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PR O P. XV. | THEOR, 


If from a point in an ellipſis t to ei- 


ther of two conjugate diame- 
ters, a ſtraight line be drawn 
parallel to the other, the ſquare 
of the diameter it meets, is to 
the ſquare of the other diameter, 
as the rectangle contained by 
the ſegments into which the 
ſtraight line divides the firſt, 
is to the ſquare of n ſtraight 
line. 


Let ET, VX be conjugate diameters, 


and from a point G of the ellipſis draw GK 


parallel to the diameter VX, meeting the 


other ET in K; then the ſquare of ET 
is to the ſquare of VX, as the rectangle 
EKT to the ſquare of GK, 

For ſince ET, VX are conjugate diame- 


ters, VX is parallel to the tangent EF, 


P | drawn 
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drawn through the vertex E of ET: And 
the ſame conſtruction. as in the two fore- 
going propolitions ſtill remaining, and 
what was there demonſtrated being fill 
kept in view, let SK, when produced, 
meet AB in the point g; and through G 
draw the ftraight line G, parallel to the 
fame AB, and meeting Se in »; then, be- 
cauſe PCZ is a right angle, and that. the 
angles CPM, MCP are together equal to a 
right angle; the angle PCA is equal to the 
ſame CPM and MCP together : Take away | 
the common angle MCP, and the remain- 
ing angle MC is equal to the remaining 
CPM; and CP, CZ are equal; therefore 
the right-angled triangles PMC, CV are 
equal; therefore PM is equal to CY. 
But ſince PM, 83, and PF, SL are paral- 
lels, the triangles PEM, SL# are equian- 
gular: And thus CPM, SL# are (8. 6. E- 
lem.) alſo equiangular; therefore CP is to 
PM as SL to Lg, that is, as SQ ro Np 
(2. 6. Elem.) ; alternately CP is to SQ. as 
PM to Ns: But PM having been proved 
equal to CY, and that Gy is equal to Ne; 
| therefore 
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therefore PM is to Ns, as CY to Gr: And the 
triangles CVY, GK) being equiangular, CY 
is to Gy, as CV to GK; therefore (ex aequali) 
CP is to SQ as CV to GK: Hence the ſquare 
of CP is to the ſquare of SQ, as the ſquare 
of CV to the ſquare of GK : But the ſquare 
of CP is to the ſquare of CS as the ſquare 
of CE to the ſquare of CK ; and, by con- 
verſion, and prop. 47. I. Elem. the ſquare 
of CP is to the ſquare of SQ as the ſquare 
of CE to the rectangle EK T: The ſquare, 
therefore, of CE is to the rectangle EKT, 
as the ſquare of CV to that of GK; alter- 
nately, the ſquare of CE is to the ſquare of 
CV as the rectangle EK T to the ſquare of 
GK: Therefore (15. 5. Elem, ) the ſquare 
of ET is to that of VX, as the rectangle 
EK T to the ſquare of GK. | 
Univerſally: The ſquare of any dia- 
meter is to the ſquare of its conjugate, 
as the rectangle contained by the ſegments, | 
intercepted between its vertices and a 
ſtraight line ordinately applied to it, is to 
the ſquare of the ſegment of the ſame 
ſtraight line between the ellipſis and that 
| diameter: 
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diameter: For an ordinate to a diame- 
ter is parallel to the tangent drawn 

through the vertex of that diameter; and 
therefore is parallel to the eee dia- 
meter. 


Cor. 1. The ſquares of ſtraight lines or- 
dinately applied to the ſame diameter, are 
to one another as the rectangles contained 
by the ſegments of that diameter, as was 
demonſtrated (1. cor. 6. 2.) with e to 
the axes. 
Con. 2. If ET, VX be conjugate diame- 
ters of an ellipſis AT, and if from a point 
8 a ſtraight line GK be drawn parallel to 
VX, one of the diameters, and meeting 
the other ET in K; and if the ſquare of 
ET be to the ſquare of VX, as the rect- 
angle EKT to the ſquare of GK; the point 
| Gis in the ellipſis. For if the point G 
is not in the ellipſis, then GK will meet it 
in ſome other point on that ſide of the dia- 
meter ET, on which G is; let it, if poſſible, 
meet the ellipſis in *; Then, by the propo- 
ſition, the rectangle EKT is to the ſquare 
of R, as the ſquare of ET to the ſquare of 
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VX, that is, by hypotheſis, as the rect- 


angle EK T to the ſquare of GK : Hence 


the ſquare of K is equal to the ſquare of 


GK; and thus the ſtraight line K is equal 


to the ſtraight line GK; which is mw 
lible. 

Cor. 3. If from two oi 6, one of 
which, e, is in the ellipſis, there be drawn 
to the diameter ET ſtraight lines GK, & 


parallel to ſtraight lines ordinately applied 


to the ſame ET; if the rectangles EKT, 


EST, contained by the ſegments of the dia- 


its vertices, and the parallels drawn to it, 


meter ET, which are intercepted between 


have the ſame ratio to each other as the 
ſquares of GK, & ; then the other point G is 


likewiſe in the ellipſis. This is demon- 
ſtrated from cor, 1. in the ſame manner as 


the ſecond corollary from the propoſition. 


Cor. 4. If a circle be deſcribed upon 
AB, a diameter of the ellipſis, and if ſtraight 
lines DE, FG be drawn ordinately applied 
to the diameter AB; and if from the points 
D, F ſtraight lines DH, FK be drawn per- 
pendicular to the ſame AB, and meeting 

the 


Fig. 16, | 
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| theeircle in the points H, K'j then the per- 
pendiculars DH; FK ſhall have the fame ratio 
to each other which the ordinates DE, FG 
have. For the ſquares of DE, FG have the 
ſame ratio to each other which the rect- 
angles ADB, AFB have, that is, which 
the ſquares (35. 3. Elem.) of DH, FK 
have: Therefore DH is to FR, as DE to 
FG, (22. 6. Elem.) 
Cor. 5. And if two ſtraight lines . | 
6 nately applied to a diameter, cut off, be- 
2 tween the centre and the points where they 
meet that diameter, equal ſegments of it, 
they are equal; And if equal, they cut 
off, between the centre and theſepoints, e: 
qual ſegments. | 


PROP. XVI. Turor. 
Nets 
Fig. 16. If from a point E of an ellipſis, a 
ſtraight line ED be ordinately 
applied to a diameter AB, and 
if DH be drawn at right angles 
| to 
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to that diameter, meeting a cir- 
cle deſcribed upon tlie ſame dia- 
meter in EH; and if the ſtraight 
line touching the circle in H, 
meet that diameter in 3 and 
if EL be drawn joining the 
points L and E, the line EL 
will touch the ellipſis in E: 
And converſely. 


For if EL do not touch the ellipſis it will 
cut it; let it, if poſſible, meet it in another 
point M; and through M to the diameter 
AB draw MN parallel to ED ; and through 
N draw NO at right angles to the diame- 
ter AB, meeting the circle in O on the 
fame ſide of AB with H: Since the pa- 
rallels DE, NM are drawn from the points 
D, N, as alſo the parallels DH, NO, which 
have the ſame ratio to each other (4+ cor. 
preced.) which DE, NM have, and that 
the points E, M, L are in a ſtraight line; 
therefore che H, O, L (lem. 2: are 

þ like wife 
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likewiſe in 1 a flralgbt als . the f frdigbt line 
EfiSihetlibre, cuts the cheld ? Böt 44 
TINO the hypotheſis, it touches the circle; 
which is abſurd : Therefore LE alſo touches 
the ellipſis. WY rain 
And converſely : It may be hewn, af- 
ter the ſame manner, that if EL touches 
the ellipſis, LH likewiſe touches the circle. 
"Cor. Hence it is manifeſt in what man- 
ner, if a diameter of an ellipſis be given in 
poſition and magnitude, and the, angle 
which that diameter makes with any 
ſtraight line ordinately applied to it, be 
given, a ſtraight line can be drawn that 
will touch the ellipſis in a given point. 


PROP. XVII Tarox. 


Fig: 16. 15 from a point E of an ellipſis a 


ſtraight line be drawn touching 
that ellipſis, and meeting the 
F diameter 
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diameter AB in L; and if from 
the point of contact a ſtraight, 
line ED be ordinately applied 
to that diameter ; the ſemidia- 
meter CB is a mean propor- 
tional between CL and CD, 
the ſegments of the diameter, 
intercepted, the one between 
the centre and the tangent, and 
the other between the centre 
and the ordinate; and the ſeg- 
ments of the ſame diameter in- 
tercepted between its vertices 
and the tangent, have the ſame 

ratio to each other as the ſeg- 
ments between its vertices and 
the ordinate. | 


Having deſcribed a circle upon the dia- 


meter AB, and drawn from the point Da 


| Q | — Prajghe 
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Araight live DH at right angles to AB, 


meeting the circle in H, join HL : Then, 


| becauſe LH touches the (16. 2.) circle, and 
that HD is perpendicular to the diameter, 


CD, CB, CL are proportionals, (8. 6. E- 
lem.). Which is the firſt caſe, © 
Secondly, becauſe CL is to CB as CB to 
CD, by converſion CL is to BL, as CB ro 
BD; double the antecedents, 0 twice CL 


18 tO BL, as AB to BD; and, by diviſion, 
AL i is to BL, as AD to BD. | 49 


Con. 1. Hence the jefungie contains 
ed by the ſegments of the diameter in- 
tercepted between the ordinate and the 


centre, and between the ordinate and the 


rangent, | is equal to that contained by the 
ſegments between the ordinate and the 

vertices of the diameter, For as CD, CB, 
CL are proportionals, the ſquare of CB is 


equal to the rectangle DCL ; but the ſquare 
of CB is equal to the rectangle ADB, to- 


gether with the ſquare of CD, (5. 2. E- 
Jem.) 3 and the rectangle DCL i is equal to 
the 
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the rectangle CDL, together with the ſame 
ſquare of CD, (3. 2. Elem-); Take a- 
way the common ſquare of CD, and there 
remains the rectangle ADB equal to 
S N 
Cor. 2. And the reQangle contained by 

the ' ſegments. of the diameter intercep- 
ted between the tangent and the centre, 
and between the tangent and the ordinate, 
is equal to that contained by the ſegments 
between the tangent and the vertices of the 
ſame diameter: For the rectangle ALB 
and ſquare of CB are together equal (6. 2. 
Elem. ) to the ſquare of CL; and the re&- 
angles LCD, CLD are together equal (2. 2. 
Elem.) to the ſame ſquare of CL: There- 
fore, becauſe the ſquare of CB has been 
proved equal to the rectangle DCL, there 
remains the rectangle ALB equal to, the 
rectangle CL. 1 


PROP. 
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b. i n e 218MOLTOQOT( 
PR OP. XVIII. Tuzor. |! 
16 DE 37811610 
Fig. 16. 1 a ona E Eat. an ellipſis let 
a ſtraight line ED be ordinate- 
ly applied to a diameter AB, 
and from the ſame point let a 
ſtraight line EL be drawn meet- 
ing that diameter in L.: If the 
ſegment (of the diameter) in- 
tercepted between the centre C 
and the point L, the ſemidia- 
meter CB, and the ſegment : 
* between the centre and 
the ordinate be proportionals, 
the ſtraight line EL will touch 


= the ellipſis in E: Or ſecondly, 
= - : "IF the ſegments between the 


point L, and the vertices of 
the diameter, and between the 


ordinate and thoſe vertices, be 


* | x _ pro- 
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proportionals; or if, thirdly, 
the four ſegments between the 
ordinate and each of the points 


L., A, B, C be proportionals ; 
or, laſt of all, if the four ſeg- 


ments between the point L, 
and each of theſe points A, C, 
D, B be proportionals; ; then 
the ſtraight line EL, touches 

| _ e | 


Caſe 1. If EL does not touch the ellip- 
ſis, let EP touch it: Therefore, by the 
preceding propoſition, CP, CB, CD are 
proportionals: But, by hypotheſis, 5 CL, 
CB, CD are likewiſe proportionals; CP is 
therefore, equal to CL; which is abſurd : 
Conſequently EL touches the ellipſis. 

Caſe 2. Becauſe, by hypotheſis, AL is 
to BL as AD, to BD; by compoſition, AL 
and BL together are to BL, as AB to BD : 
Take the halves of the antecedents, and 
CLi is to BL, as CB to BD; and, by conver- 
ſion, 
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ſion, Q is to CB, as (preced. prop.) CB to 
Therefore, by the firſt caſe, EL 


touches the ellipſis. 
Caſe 3. Since DL is to DA, as DB to DG; 


by compoſition, LA is to AD, as BC or CA 
to CD; the remainder CL (19. 5. Elem.) 


is, therefore, to the remainder AC or CB, 
as CB to CD; and therefore, by the firſt 


caſe again, EL touches the elliplis. 


Caſe. 4. Becauſe by hypotheſis, AL is to 
CL as DL to BL; therefore, by diviſion, AC 
or CB'is to CL, as DB to BL; therefore CB 
is to CL, as the remainder CD to the re- 
mainder CB; and, inverſely, CL is to CB 
as CB to CD: Therefore EL touches the 


ellipſis, by the ſame firſt caſe, 


.PR OP. XI& Tugox. 


If from two vertices of two con- 
jugate diameters two ſtraight 
lines be ordinately applied to 
another diameter, the ſquare of 
LE the 
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"the ſegment (of that other dia- 


* meter) intercepted between ei- 
ther ordinate and the centre, 
is cqual to the rectangle con- 
tained by the ſegments be- 
tween the other ordinate and 


the © vertices of that fame dia- | 


. 
; 1 3 11 * 
0 — * *. * » * = 


Let CA, CB; be the two: conjugate dia- 
meters, of which the points A, B are ver- 
tices; from A, B let AF, BG be ordinate- 
ly applied to another diameter DE; the 
ſquare of CG, intercepted between the or- 


Fig. 17. 


dinate BG and the centre, is equal to the 1 


rectangle EFD contained by the ſegments 


intercepted between the other ordinate Ax 


and the vertices of DE: And likewiſe 


the ſquare of CF i is s equal | to the 2 


EGD, 
Draw AH, BK rouching the ellipſis i in 
A, B, and meeting the diameter ED in H, K: 


Then, becauſe both CB, AH, and BG, AF, 


are 


rr 
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are parallel, the triangle CBG is equian- 
gular to HAF; and becauſe BK is parallel 
to CA, the triangle CBK is alſo equiangu- 
lar to HAC; therefore CG is to FH, as CB 


to AH, that is, as CK to CH: But CD is 


a mean proportional both between CG, CK, 


and between CF, (16. 2.) CH ; therefore 


CF is to CG, as CK to CH: And as hath 

been ſhewn, CG is to FH, as CK to CH; c 
therefore (ex aequali) as CF to CG, ſo is CG 
to FH: And conſequently, the ſquare of CG 
is equal to the rectangle CFH. But the rect- 


angle EFD is equal to the fame (1. cor. 
17. 2.) CFH; hence the ſquare of CG ig 


equal to the reQangle EFD; take theſe 


equals from the ſquare of CD, and there 


will remain the rectangle EGD equal to 


the ſquare of CF, (4. and 5. 2. Elem.). 


Con. 1. Hence the ſemidiameter CD, to 
which the. ordinates are drawn, is to its 
ſemidiameter conjugate CL, as the di- 
ſtance between either ordinate and the cen- 
tre is to the other ordinate : For the ſquare 
of CD is to the W of CL as the rect- 
angle 
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angle EFD to tlie ſquare of AF, chat is, by 
the propoſition), as the ſquat of CG to 
the ſquare of AF therefore CD is to CL, as 
CG to AF. In like manner, it may be 
ſhewa that CD is to CL, as CL to BG. 

Con. 2. The ſquares of the ſegments of 
the diameter to which the ordinates are 
drawn, between the ordinates and the 
centre, are together equal to the ſquare 
of the ſemidiameter. For ſince the ſquare 
of OG is equal to the rectangle EFD; 
therefore '''the ſquare of CF, together 
with the ſquare” of CG, is equal to the 
ſquare of CF, together with the rectangle 
EFD, that is, to the (5. 2 any ſquare 


of CD. | 
Con. z. Hence the ſum of the e 


of any two conjugate diameters is equal. to 
the ſum of the ſquares of the axes. Let 
CD, CL be the ſemiaxes, and CA, CB con- 
jugate ſemidiameters; let AF, BG be pef- 
pendiculars to CD, and AM, BN perpendi- 
culars to CL: Then, becauſe the ſquare of 
_ CD, as was proved in the preceding corol- 


lary, is equal to the ſquare of CF, toge- 
R | . 
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ther with the ſquare of CG; and that, by 


the ſame corollary, the ſquare of CL is e- 


qual to the ſquare of CM. together with 


that of CN, that is, to the ſquare of AF, 
together with that of BG; 8 the 
ſquares of CD, CL are together equal to 


the ſquares of CF, CG, AF, BG : But the 
ſquares of AC, BC are together (47. 1. 


Elem.) equal to the ſame ſquares of CF, 


CG, AF, BG; and therefore the ſum of 
the ſquares of AC, BC is equal to the ſum 
of the ſquares of e a N 


* 


PROP. XX. Tuzon. 


If chiough they vertices of two con- 
jugate diameters four ſtraight 
lines be drawn touching the el- 
lipſis; the parallelogram con- 
tained by theſe ſtraight lines, 

is equal to that contained by 
bigs og the 
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the tangents drawn through 
the vertices of any other _ 


1 


conu 8 ate diameters. 


* 
5 Ie * 3% 4 
a*, BIS 


let pes fraight | 1 OV, OY, YR, XV Fig. 17; 


touch the ellipſis i in the vertices A, B, and 
in their oppoſite vertices of two conju- 
gate diameters AC, BC; in like manner, 


let . PR, RS, ST touch the ellipſis in 


the vertices of the conjugate diameters DC, 
LC ; the figures OVXY, PRST are (6. | 
cor. 10. 2.) parallelograms, and equal to 
each other. 

To the diameter CD 3 AF, BG pa- 
rallel to CL; and to the diameter CL draw 
AM, BN parallel to CD; and let AO, BO 
meet the ſame CD in the points H, K; 

and having joined BH, complete the pa- 
rallelogram HCNQ : | 

Then, becauſe AH touches the ellipfis 
and that AF is drawn ordinately applied to 
the diameter CD; therefore CH is to CD, 


as C to CF (17. 2.) : And, by the firſt 


corollary of the foregoing propoſition, CD 
is 


132 CONIC SEC TTO RNS. 


is to CL, as CF to BG: Therefore, * 


aeguo, CH is to CL, as CD to BG, or QH ; 


and the angles DCL, CHQ are equal, for 
they are alternate; therefore the paralle- 


logram DL is equal to the parallelogram 
(14. 6. Elem.) NH: But NH is the dou- 
ble of the triangle CBH, upon the ſame baſe | 
CH, and between the ſame parallels; and 

likewiſe the parallelogram ACBO is the 


double of the ſame triangle CBH, upon 
the ſame baſe CB, and between the ſame 


parallels CB, AH: Therefore ACBO is 
equal to NH ; and the parallelogram DL, 


as hath been ſhewn, is equal to the ſame 


NH ; therefore the parallelograms DL, AB 
are equal; And thus the parallelograms 
PRST, OVXY, which are the quadruples 
of DL, AB, are likewiſe equal. 


RD *; XXI. THEOR- 


If a ſtraight line touching an el- 
lipſis, meet two conjugate dia- 
meters; the rectangle contained 


by 
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7 by its ſegments, between the 
Point of contact and the diame- 
ters, is equal to the ſquare of 
the ſemidiameters conjugate to 
that which n nun the 
Point of contact. 


4 5 2 Araight 15 mY on the * 


lipfis | in the point A, and let it meet the 


conjugate diameters 90. CL in H, Z; let 
the ſemidiameter CB be conjugate to CA; 


then the rectangle HAZ is equal to "tb | 


ſquare of CB. 
For draw AF; BG parallel to the dia- 
meter CL: And fince HF is to FC, as HA 


to AZ, the rectangles (def. 1. 6. Elem.) 


HFC, HAZ are ſimilar; and HE i 18 to HA, 


as CG is to CB; therefore, ſince the rect- 
angles HFC, HAZ are ſimilar, of which 
HF, HA are homologous ſides, and that 


the ſquares of CG, CB are ſimilar figures; 3 
the rectangle HFC (22. 6. Elem.) is to the 
rectangle HAZ, as the ſquare of CG to 


the 
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the ſquare of GB But the rectangle HFC : 
is equal to the rectangle (I. cor. 1. 2.) 
EF), that is, tO the a (19. 2. ſquaxe of CG ; 


and therefore (14. 5. Elem.) the rect- 
angle HAZ is alſo N to the n of 
CB. 4; 3 53:44 F M1, . 

Cox. Henne it follows, i if a n line 
HAZ touch an ellipſis, and meet two dia- 
meters CH, CZ; if the rectangle HAZ be 


equal to the ſquare of CB the ſemiconju- 


gate to CA, which paſſes through the point 


of contact; chen CH, 2 are two "eoaiju- 
gate diameters. | 3 04 


PROP. XXII. Taxon. 

If from a point of an ellipſis, a 
ſtraight line be ordinately ap- 
plied to a diameter; the rect- 

angle contained by the ſeg- 

ments of the diameter is to the 
ſquare of the ordinate, as the 


diameter is to its latus rectum. 
Let 
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Let E be a point in an ellipſis; from F Fig: 18. 
dtaw FG, ordinately to the diameter AB. 
The rectangle AGB is to the ſquare of FG 
as the diameter AB to its latus rectum. 

For let BH be equal to the latus rectum; 
and ſince the diameter AB, its conjugate 
DE, and latus rectum BH (9. def. 2.), are 
proportionals, AB is to BH (2. cor. 20. 6. 
Elem.) as the ſquare of AB to the ſquare of 

DE, that is; as the rectangle AGB to the 
ſquare of FG (15. 2.). | 1 | 


PROP. XXIII. Trzor. 


If from a point of an ellipſis 
ſtraight line be ordinately ap- 
plied to a diameter, and from 
the vertex of the diameter a 
ſtraight line be drawn at right 
angles to it, and equal to its 
latus reftum ; the ſquare of the 


ordinate is equal to the rect- 
angle 
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angle applied to the /atus rec- 
tum; having for its breadth 
the abſciſſa between the ordi- 
nate and the vertex of the dia- 
meter, but deficient by a fi- 
gure ſimilar, and ſimilarly ſitu- 
ated, to the figure contained 
by the diameter and the /atus 
rectum. 


Let F be a point in the ellipſis; from E 


| draw FG, an ordinate to the diameter AB; 
and from the vertex of AB draw a per- 


pendicular BH, equal to the Jatus rectum 
of AB ; then the ſquare of FG is equal to 
the rectangle applied to BH ; having the 
abſciſſa BG for its breadth, but deficient 
by a figure ſimilar, and ſimilarly ſituated, 
to the rectangle BN, contained by the dia- 
meter AB and /atus rectum BH, | 
Having joined AH, and from G drawn 


GK parallel to BH, and meeting AH in 


K, one the parallelograms KLHM, 
5 ABHN: 


ELATE XI 


Fig. 5 NI. 
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ABHN: Then, becauſe the rectangle AGB 
is to the ſquare of FG, as (22. 2.) AB to 
BH, that is, as AG to GK, that is, as the 
(1. 6. Elem.) rectangle AGB to the reQ- 
angle KGB; therefore (ex aequali) the 
rectangle AGB is to the ſquare of FG, as 
| the ſame AGB to the rectangle KGB: 
And thus the ſquare of FG is equal to the 


rectangle KGB, applied to the latus rectum 


BH; which rectangle has for its breadth 
the abſciſſa GB, but is leſs than the rect- 


angle BM, by the figure KLHM, fimilar, 
and ſimilarly fatuated, to BN (24. 6. E- 


lem.) 


thus equal to the dgfcient rectangle; or 


that under the abſeiſſa and only a part of the 
latus rectum, Apollonius called this curve 


line the Ellipfs. 
Con. If from the vertex B of the dia- 


meter AB any ftraight line BO be drawn 


equal to the /atus rectum, though not at 
right angles to AB; join AO, and through 
G draw GP parallel to BO; the rectangle 
PGB is equal to the ſquare of FG. For 


$$ AB 


From the ſquare of the ordinate being 
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Ag is to BH, as BG to GK, that is, as 


Fig. ; *. 


BO to GP: But BO is equal to BH, 


therefore GP is alſo ea to GK, 


PRO P. XXIV. POB, 


Two anequal ſtraight lines which 
biſect each other at right an- 
gles, being given in poſition 
and magnitude, to deſcribe an 


ellipſis of which theſe ſtraight 
lines may be the —_— 


Let two e lines AB, DE, 


which biſect each other at right angles in 


the point C, be given in poſition and mag- 


nitude; it is required to deſcribe an ellipſis 


which may have AB and DE for the axes- 
From the extremity D of DE, the leſs of 


the two, place DF equal to CB, the half 


of AB the greater; and from the centre 


= T7, with the Atanee DF, deſcribe a circle 


which 
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which will meet AB in two points G, H; 


in which fix the ends of a ſtring of the 


ſame length with the ſtraight line AB, and 


deſcribe an ellipſis, as was directed in the 
firſt definition of this book; the ſtraight 


lines AB, DE will be the axes of this el- 


| lipſis. a YH 


For ſince the points G, H are oth fogi of 


the ellipſis, and that GC is (3. 85 Elem.) 
equal to CH, the point C is its centre, (3. 
def. 2.) ; and ſince CA or CB is equal to 
the length of the half of the ſtring, the el- 
lipſis paſſes through the points A, B: Tt 
paſſes likewiſe through D (4. cor. 1. 2.) 
becauſe GD is equal to CA; and through 
E, becauſe CD is cM to wr 199491 


PROP. * | PrOB. 


A A fraight line being given in po- 
ſition and magnitude, and a 


point without it being given; 5 


to deſeribe an ellipſis, of which 
that 
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| «that ſtraight line ſhall be ounces 
the axes; and Which ſhall paſs 
N through that given point; but 
5 the given point muſt be 45 fi- 
bs tuated, that a perpendicular 
drawn from it may fall between 
the extremities of the one 
__ line. 


Fig. „ at AB be the ſtraight line given in po- 
fition/ and magnitude, and K the given 
point, ſo ſituated, that a perpendieular 
drawn from it towards AB may fall be- 
tween the extremities A, B; it is required 
to deſcribe an ellipſis which may have AB 
for one of the AXES, _Y which may paſs 
r | 
Draw KL at right angles to AB, and 
mo a s line DE ſuch *, that the 
| . 55 ſquare 


* 


* Find 2 mean proportional x between AL and LB 


(13; 6. Elem.}; then to the three * lines, * 
KL, 


*'} 
4? 
2 


Book II. TA ETTIr SI. 141 


ſquare of AB may be to the ſquare of DE, 
as the rectangle ALB to the ſquare of KL; 
and place! DE perpendicular to AB ſo, that 
they mutually biſect each other: And by 
the laſt prop. with the ſame AB, DE, as 
the axes, deſcribe an ellipſis; this ellipſis 
will paſs through (2. cor. 15. 2.) the point 
JJC 3: gatfroring aft 


f — 4 1 
0 0 


"PROP. XXVI. Pros: 


To find a diameter, the centre, 
the axes, and the foci of an el- | 
hpi 25 in Kaßtion. 5 


Dn two o firaight lines parallel. to each 
_ and terminated both ways by the el- 
| : pls; 3 


KL, and AB, find a fourth proportional (12. 6. Elem.) 

which will be the ſtraight line DE wanted. For the 

ſquare of X, that is, the rectangle ALB (17. 6. Elem. ), 

is to the ſquare of KL, {ES 6. Elem.) as the 5 al 

of AB to the ſquare of Du. Therefore (6. 2.) DE 
is the other axis. 


Fig. 20. 
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lipfis ; ; the raight line which biſects them 


is (4. cor. 13. 2.) a diameter; and the point 
biſecting that diameter is (3.2. ) the centre. 
In order to find the axes, ſind the centre 
C, and in the ellipſis take any point A, and 
join CA; and from the centre C, and with 
the-diftance- AC, deſeribe a circle AF: If 
this circle falls wholly without the ellipſis, 
CA is the greateſt of the ſemidiameters ; 
and therefore (9. 2.) the half of the greater 
axis. Next, take any point D, and let a 
circle be deſcribed from the centre C, with 
the diſtance CD; 115 this circle falls wholly 


within the ellipſis, Cb is the leaſt of the 


ſemidiameters'; - and therefore (9. 2.) the 


half of the leſs axis. Or let any other point G 


be taken; if the circle deſcribed from the 


centre 8 with the diſtance CG, falls nei- 
ther wholly without nor wholly within 


the ellipſis, the ſtraight line CG is the half 
neither of the greater nor of the leſs axis; 
the circle, conſequently, muſt meet the 
ellipſis again: Let it meet it in H; and ha- 


ving joined GH, biſect it in K; then CK 


will be one 1 the axes, and a ſtraight line 
drawn 
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drawn . the centre perpendicular to 


CK will be the other For fince GH is bi- 
ſected by the diameter CK, it is parallel to 


the tangent AL drawn through the vertex 


of CK; and CKG ; is a right angle : There- 


fore CAL is alſo a right angle; and there- 
fore CKAi is (4. cor. 10. 2.) one of the AXES. 
The foci are found as in prop. 24. 


PROP. XXVII. Pros. 


Two conjugate diameters of an el- 


lipſis being given in poſition and 
| . to find the axes, and 
deſcribe the FOI 


Let AB, CD, be the given diameters ; 
let them meet each other in the centre E. 
Suppoſe the problem ſolved, that is, let 

FG, HK be the axes to be found, and 
through A draw the ſtraight line AL paral- 
lel to CD; AL will touch (3. cor. 14. 2.) 


Fig. 21. 


the ellipis in A, and will be given (28. 5 


dat.) in poſition: Let the ſame AL meet 
| the 


the axes in the points L, M; therefore the 
rectangle LAM is equal to the ſquare of 
CE, the ſemi conjugate to (21. 8.) AB: But 
| CE is given, and, conſequently, its ſquare 
is given; therefore the rectangle LAM is 
given: Let the rectangle EAN be equal to 
LAM; and becauſe EA is given in poſition 
and magnitude, AN is alſo given in pofition 
and magnitude; and becauſe the rectangles 
LAM, EAN are equal, the points L, E, M, 
N are (conv. 35. 3. Elem.) in the circum- 
ference of a circle: Therefore, if EN is 
biſected in O, the centre of the circle will 
be in the ſtraight line OP, which is at right 
angles to EN cor. 1. 3. Elem} : But LEM 
being a right angle, the centre of the circle 
is likewiſe in (cor. 5. 4. Elem.) the ſtraight 
line LM: It is therefore in the point P, 
where OP, LM interſect each other: There- 
fore the centre P is given, and the point E 
is given: Hence the circle deſcribed from 
the centre P, with the diſtance PE, is gi- 
ven in (6. def. dat.) poſition ; ſo likewiſe 
are the points L, M, where its circumfer- 
ence meets the ſtraight line AM given in 
_ - poſition: Therefore the axes EL, EM are 
given 
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given in poſition: Draw AQ at right angles 

to the axis FG; and becauſe AL touches 
the ellipſic, EQ EF; EL are (17. .) pro- 
portional; and EQ „ EL are given: 
Therefore EE is given in magnitude It 
may in like manner be proved, that EK i is 
given in magnitude; therefore the axes 
FSG, HK are given in poſition and. mag- 
ice: : And an ellipſis deſcribed through 
| the point A, with the axis FG (25. 2.), 
will have AB, CD two of Its conjugate 
diameters: | 

The compoſition | is as follows. rüde 
EA to N, ſo that the rectangle EAN may 
be equal to the ſquare of CE: Biſect EN 
in O, and draw OP at right angles to Pp 
meeting the ſtraight line AL, which is pa- 
rallel to CE in the point P; and from the 
centre P, diſtance PE, deſcribe a circle, 


75 and let AP meet its circumference i in the 


points L, M: Join EL, EM, and draw AQ 
at right angles to EL; and between EQ) 
EL find ( 3. 6. Elem.) a mean proportion- 
al EF, and make EG equal to EF, then} 
” the 2 5th Propoinion of this book, de- 

| 2 ſcribe 


* 3 
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ſeribe an ellipſis, of which FG may be one 


of the axes, and which may paſs through 


A 


the point A: Of this ellipſis, AB, CD are 
conjugate diameters, For ſince” AQ is 
perpendicular to the axis FG, and EQ, 


Ef, EL proportionals, AL touches the el- 


ed. 


lipſis (18. 2.) in the point, A; and becauſe 


CD is parallel to the tangent AL, it is in 
the ſame poſition with the conjugate dia- 
meter to AB; and the angle LEM being 
in a ſemicircle is a right angle; conſe- 
quently EM is che other axis: Hence the 
rectangle LAM is equal to the ſquare of 
the ſemidiameter conjugate to AE (21. 


2.): But the ſame rectangle LAM is-e- 


qual (35. 3- Elem.) to the rectangle EAN, 
that is, by the conſtruction, to the ſquare 
of CE; therefore CE is the ſemiconjugate 
to AE; the ellipſis therefore paſſes through 


C; and becauſe ED is equal 40 EC, and 


EB equal to EA, it paſſes likewiſe through 
the points D, B. Hence AB, CD are 
conjugate diameters in the ellipſis deſcrib- 


% * 0 8 


"IF | "ado 


1 
1 
to 
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The, poſition! and magnitude. of. a 
diameter of an ellipſis being 

given, and the poſition of a 

ſtraighir line, paſſing through'a 


: given point in the ellipſis, and 
5 ordinately applied to that dia- 
meter being alſo given; to de- 


oil feribe che ellipſis.” 


SLID 2 x 


Vet AB be the Siren Aae to ich Fig. 2040 
RS, a ſtraight line given in polition, is or- 
dinately applied, from a given point R of 
che ellipſis to be deſeribed. | 

Biſect AB in the point E, and draw 
through E a ſtraight line parallel to RS, 
and in that parallel take equal ſtraight 
lines EC, ED, ſo that the rectangle ASB 
may be to the ſquare of RS, as the ſquare 
of AE to the ſquare of EC or ED. Ira 

mean proportional be found (13. 6. Eleme) 
between A8 and SB; then (22. 6. Elem.) 
1 . the 
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the mean proportional is to RS, as AE to 
EC, which is therefore found (12. & Elem.), 
then, by the preceding propoſition, deſcribe 
an ellipſis of which AB, CD may be conju- 
gate diameters : This ellipſis will paſs 
through the (2. cor- 15, 2.) point R, and 
RS will be ordinately applied (g. cor, 14. 

2.) to ehe diameter AB. 


* 58 gf. SLY 
: ., 


p R 0 P. xXIx. TAO. ; 


#1: x47 4 


1 a cone cut by a plane paſſing 
through the axis be cut alſo by 
another plane, meeting both 

the ſides, of the triangle chrough 
the axis, but neither parallel to 
the baſe of the cone, nor ſub- 

contrarily ſituated; if that o- 

ther plane, and the plane in 

which the baſe of the cone is 
ſituated, meet in the direction 
of a ſtraight line perpendicular, 
either to the baſe ↄf the trian- 
gle 


gle through the axis, or to that 
baſe produced; the line which 
— the common ſection of this 
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other plane, and the conical 


3 ſurface, is an ellipſis, which has 
for one of its diameters the 


= common ſection of the triangle 


1 through che axis, with this lame 
. plane, e 5 


: x 4 


| Let oa cone, the vertex of which 
is the point A, and the baſe the cirele BC; 


Fig. 22, 


let it he cut by a plane 8 through the axis, 


and let the ſection be the triangle ABC; 


let it be cut likewiſe by another plane, 
meeting both the ſides AB, AC, of the tri- 
angle through the axis, but neither parallel 


to the baſe of the cone, nor ſubcontrarily 


ſituated; let the line DEF be the common 
ſection of this other plane with the coni- 


cal ſurface; and let GH, the common ſec- 


tion of this plane, with the baſe of the 


cone, (comiqued); be perpendicular to BC: 
Then 
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Then the line DEF is ah ellipſis; and DF, 
the common ſection of the triangle through 
the axis, and this lame Piaget is one of 1 its 


+ 


diameters. 
In the ſection DEF take any Point E, 
* through E to DF draw EK: parallel te 
H; and through K draw LM parallel to 
. Therefore, the plane which paſſes 
through EK, LM is parallel (r; 5. 11. Elem.) 
to the plane through BC, GH, that is, te 
the baſe of the cone: Conſequently the 
plane through EK, LM (23! 1.) is a cir- 
cle, of which LM is a diameter: But EK 
is perpendicular (10. 11. Elem.) to LM, 
becauſe GH is perpendicular to BG; there- 
fore the rectangle LKM js equal 35. 3. E. 
lem.) to the ſquare of EK. In like man- 
ner, any other point N being taken in the 
ſection DEF; if NO be drawn parallel to 
EK, or GH, and through O, PQ be drawn 
parallel to BC; it may be abu; that the 
rectangle POQ is equal to the ſquare of 
NO: Conſequently, the ſquare of EK is 
to the ſquare of NO, as the reQangle LEM 
to the — * But (by ſimil. trian.)- 
IK 


BooK 4 22 H * AE * I P. 8 I 8. 151 


LK; is to PO, as DK is to DO; and KM 
is to OQ,, as KF is to OF; hut the ratios 
compounded of. theſe ratios are the ſame 
to one another; and therefore the rect- 
angle LK M is to the rectangle POQ, as 
the rectangle DEF. is to the rectangle 
DOF (23.6. Elem.): And therefore, 
ex aequali, the ſquare of EK is to the 
ſquare of NO, as the rectangle DKF 
to the rectangle POF. Deſcribe, there- 
fore, an ellipſis (28. 2.) of which DF may 
be a diameter, and in which EK may be 
ordinately applied to DF: And becauſe the 
point E, by conſtruction, is in this ellipſis, 
the point N is likewiſe in it (3. cor. 15. 
2.). And the ſame thing may be demon- 
ſtrated with 20s to all the "PEI of the 
ſection DAE; 7 | bs 


11 * * 
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Fig. 1. I. IF in a point taken upon a plane, the 

| extremity E of a ruler EH is ſo fix- 

ed that the ruler is left free to revolve a- 

bout the point E as a centre; and if one 

| end of a ftring ſhorter than the ruler is 
fixed in the extremity H, and the other 

| end of it in the point F, which is in the ſame 

1 plane with the point E; but the diſtance 
between the points E, F greater than the 
| 55 excefs 
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exceſs of the length of the ruler above that 
of the ſtring ; and if by means of a pin 
G, the ſtring is applied to the ſide EH of 
the ruler : Then with the ſtring ſo applied, 
and kept uniformly tenſe, if the ruler be 
moved about the centre, the point of the 
pin will deſcribe upon the plane a line, call- 
ed the hyperbola. 

But if the above order be reverſed, and 
the end E of the ruler be fixed in the point 
F, and the end F of the ſtring in the point 
E, and then a ſimilar operation be repeated, 
another line, oppoſite to the former, will be 
deſcribed, which is alſo called the Hyper- 
bela ; and both together are called oppoſite 
hyperbolas. Theſe lines may be extended 
beyond any given diſtance from the points 
E, F, if a ſtring be taken, the length of 
which exceeds that diſtance, 

It. The points E, F ate called the foci. 

HI. And the point C, which biſects the 
ſtraight line between the foci, is called the 


centre of the hyperbola, or of the pg. te 
hyperbolas. 


IV. 255 firaight line paſſing through 
* the 


the centre and meeting the hyperbolas, is 
called a tran/ver/e diameter ; and the points 
where a tranſyerſe diameter meets the hy- 
perbolas, are called its vertices. Alſo any 
ſtraight line which paſſes through the cen- 
tre, and biſects a ſtraight line terminated 
by the oppoſite hyperbolas, but not paſſing 
through t the centre, Is called a right diame- 
ter. „ 
V. That Aümetet which paſſes trough 
the foci, is called the tranfver/e axis, 
VI. If from either extremity A of the 
tranſverſe axis, a ſtraight line AD be pla- 
| ced equal to the diſtance between the centre 
C and either focus F, and from A as a 
centre, with the diſtance AD, a circle be 
deſeribed, meeting a ſtraight line drawn 
through the centre C, at right angles to the. 
tranſverſe axis, in the points B, b; the 
ſtraight line Bb is called the fecond i 
VII. Two diameters, each of which bi- 
ſeas all ſtraight lines parallel to the other, 
and ae both ways by the hyper- 
| bola, 


* Hence the fron wy is bead in the centre C 
5 3» Elem.) | 
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| bola, or oppoſite hyperbolas, are named 
conjugate diameters. 

VIII. When a eaight line not n 
through the centre, yet terminated both 
ways by the hyperbola, or oppoſite hyper- 
bolas, is biſected by à diameter, it is ſaid 
to be ordinately applied to that diameter; 
or it is called ſimply, an ordinatè to the dia- 
meter. Alſo a diameter parallel to' a 
ftraight line ordinately applied to another 
diameter, is ſaid to be ordinately 1 = 
this other diameter. 

IX. A ftraight line which meets the hy- 
perbola in only one point, and which, 
being produced both ways, falls without 
the oppoſite hyperbolas, is ſaid to touch the | 
hyperbola in that point, = 


PROP. I. Turo. 


"ff from a point in an hyperbola 
two ſtraight lines be drawn to 
the foci, the exceſs of the one 
above the other is equal to the 


tranfrerſe a axis. 9 
Let 
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25 G be 4 point in an kyperbola, the 


excels of GE above GF 18 22 775 o > the 


1 iraofecrſe axis Aa. 


Let EGH reprefent the 1 . and FO 
the rings the pin by which the byperbo- 
Ja is defcribed being ſuppoſed to remain at 
G; from EH, FGH take away the com- 
mon part GH ; and the exceſs of GE above 


GF will de equal to the exceſs of the 


length of the ruler above that of the firing ; 3 


and this conluſion will hold” 'whictevex 


the point G ſhall be firuated i in the hyper- 
bola. And fince the points A, 4, the ver- 
tices of the tranſverſe axis, are in the op- 


pofite hyperbolas, the excels of AE above 


AF; and alfo the exceſs of aF above aE, are 


each of them equal to the excels, of the 
length of the ruler above that of the ſtring, 
that is, to the exceſs of EG above FG; 
and therefore theſe two exceſſes are hunt 
to each other: But let AF' be added to 
each of the two ſtraight lines AE, A; and 
the exceſs.of AE above AF will be equal to 
the exceſs of FE above twice AF. In like 


manner, the excefs of aF above AE will be 
equal 
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equal to the exceſs of the ſame FE above 
twice aE; therefore, FE exceeds twice AF 
by the fame exceſs by which it exceeds 
twice; ak: Twice AF is, therefore, equal to - 
twice 2E; and therefore AF is equal to AE: 
Conſequently the exceſs of AE above AF i is 
equal to the exceſs of AE above aE, that i is, 5 
to the tranſverſe axis aA; and therefore 
the exceſs of EG above GF is likewiſe 
age to the ſame tranſverſe axis Ma.. 
| Cor, And ſince AF is equal to 2E and 
CE to CE, therefore CA is equal to Ca; or, 
the tranſverſe axis is biſeQed in the centre. 


if from a point two ftraight lines 
are drawn. to. the foci of oppo- 
ſite hyperbolas; if the . exceſs 
ol the one ſtraight line above 
the other be equal to the tranſ- 

_ verſe axis, that point is in one 


of the oppoſite hyperbolas. 


Let 


Fig. 2. 
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Let G be the point from whence GE, 


F are drawn to the foci of oppoſite hy- 


perbolas; if the exceſs of the one ſtraight: 


line above the other be equal to the tranf- 


verſe axis aA, the point G i is in one of the 


oppolne hyperbolas. 


Of the two ſtraight lines let GF be the 
leſs; and from the centre F, diſtance FG, 


deſcribe a circle meeting FE in H; take 


GK equal to GF, and KE, by hypotheſis, 
will be equal to the tranſverſe axis Aa: 
And becauſe FG. GE are together greater 
than FE; therefore FG, GK are together 


greater than FA and E together; conſe- 


quently (FG, or) FH, the half of FG, GK, 


is greater than FA, the half of FA, aE; mY 


therefore the hyperbola, towards the point 


| * falls within the circle: And ſince 
| (def. 1. 2 it may be extended beyond 
any given diſtance from the focus F, it ne- 


ceſſarily meets the circle, Now the hyper- 
bole meets. the circle! in the point G; for 
if 
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if not, let it cut it in another point D, on 
the ſame ſide of the axis with the point G; 
and join DE, DF: Then becauſe the point 
D is in the hyberbola, (by the fiſt Prop, 3.) 
"the exceſs of DE above DF is equal to the 
_ tranſverſe axis Aa: but by hypotheſis the 
. excels of GE above GF is equal to the 
ſame Aa; and FG is equal to FD: there- 
fore EG is alſo equal to ED; which is con- 
trary to prop. 7. b. I, of Euclid. I here- 
fore the point G is in the hyperbola. 


PROP. III. Tuzon. 


If two ſtraight lines be drawn 
from a point without an hyper- 
bola to the foci, the exceſs of 
the one above the other is leſs 
than the tranſverſe axis ; but if 
two ſtraight lines be drawn 
from a point within an hyper- 
bola to the foci, the exceſs of 
„ 


5 Fig. 2. 
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the one above the other is 
greater than the tranſverſe axis, 
On the contrary, any point is 
without, or within an hyper- 
bola according as the exceſs of 


two ſtraight lines drawn from 


that point to the foci, is leſs, 
or greater than the tranſverſe 
AXIS, 


From the point L without an hyperbola, 


let the two ſtraight lines LE, LF be drawn 


to the foci; the exceſs of the one above 
the other is leſs than the tranſverſe axis Ad, 
For fince L is without andF within the hy- 
perbola, the ſtraight line LF neceſſarily 


meets the hyperbola ; let LF meet it in 


G, and join EG; then EL is leſs than EG 
and GL ; therefore the exceſs of EL above 


LF is leſs than the exceſs of EG and GL 
. together above the fame LF, chat is, than 


the exceſs of EG above GF, that is, leſs 
than the tranſverſe axis Aa. 


Next, from the 1 M within the hs. 
| perbola, 
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perbola, draw ME, MF to the foci; then 
ME will neceſſarily meet the hyperbola AG, 
becauſe the point M is within and the 
point E without it; let it meet the hyper- 
bola in N, and join NF. Then, becauſe ' 
Mf is leſs than MN together with NF, 
the exceſs of ME above MF is greater than 
the exceſs of the ſame ME above MN 
together with NF, that is, than the excels 
of NE above NF, that i is, Saen than the 
tranſverſe axis Aa, 

The laſt part of the propoſition, or the 
converſe of theſe now demonſtrated, is e- 
vident. 

Cox. Hence, if Gee the vertex A 
of the tranſverſe axis, a ſtraight line be 
drawn at right angles to that axis, this 
ſtraight line is wholly without the hyper- 
bola, and conſequently touches it. 

For in the ftraight line ſo drawn take 
any point Q, and join QF, QE; and in the 
axis place AR equal to AF, and join QR; 
then, becauſe AR is equal to AF, that is, to 
aE, therefore RF is equal to the tranſverſe 
axis Aa; 1 alſo QF is equal to : But 


X QUE 
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QE is leſs than QR together with RE; and 
therefore the . exceſs of QE above QR or 
QF, is leſs than RE, that is, leſs than the 
tranſverſe axis: Hence the point Q and 
conſequently the ſtraight line 1 with- 


out the 3 


Fig. I. 


PROP. IV. Tnzor. 


The ſquare of half the ſecond axis, 
is equal to the rectangle con- 


tained by the ſtraight lines be- 


tween either focus and the ver- 
tices of the tranſverſe axis. 


Let Aa be the tranſverſe axis, C the 
centre, E, F the foci, and BS the ſecond 
axis, which, from the definition of it, is 
biſected in the centre; join AB; and be- 
cauſe AB, CF are (6. def. 3.) equal, the 
ſquares of AC, CB are together equal to 
the ſquare of CF that is, to (6. 2. Elem. ) 


the ſquare of AC together with the rectan- 
gle 
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gle AFa: Take away the common ſquare 


of AG, and there will remain the ſquare of 


CB equal to the rectangle AFa. 


PROP. V. Tatos-” 


If from a point in an hyperbola a 
| ſtraight line be drawn at right 
angles to the tranſverſe axis, and 
from that point a {ſtraight line 


be drawn to the nearer of the 


foci ; half the tranſverſe axis is 
to the diſtance between that 
focus and the centre, as the 
diſtance between the perpendi - 
cular and the centre, is to the 
ſum of half the tranſverſe axis 
and the ſtraight line drawn 
from the point. to that ſame fo- 


CUS. 


Let 


Fig. 3. 4. 
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Let G be a point in the hyperbola z 
from G draw GD perpendicular to the 
tranſverſe axis Aa; and from the {ame 


point draw a ſtraight line GF to the neareſt 


focus F; then half the tranſverſe axis CA, 


is to the diſtance between the centre and 


the focus CF, as the diſtance between the 
centre and the perpendicular CD, is ro the 
ſum of half the tranſverſe axis and the 
ſtraight line drawn to the focus, that 1 10 t to 


CA together with GF. 


Draw GF to the other focus, and in the 


axis aA produced place AH equal to GP, 


and from the centre G, and diſtance GF, 


deſcribe a circle, meeting the axis aA again 
in K, and the ſtraight line EG in the points 


L, M: And becauſe EF is the double of 


CF, and FK the double of FD, therefore 
EK is the double of CD, Again, becauſe 
EL or Aa is the double of CA, and LM 
the double of GF or AH, therefore EM is 
the double of CH: But, on account of 
the circle, EL or Aa is to EF, as EK to 


the 
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the halves of theſe proportionals, and CA 


will be to CF, as CD to CH, 


PROP. VI Tazox. 


The ſame conſtruction remaining, 
if from A, the vertex of the 
tranſverſe axis neareſt to G, and 


in this ſame axis produced, a 


part AH be taken equal to the 


diſtance between the point G 
and the focus F; the ſquare of 
the perpendicular GD is equal 


to the exceſs of the rectangle 
EHF, contained by the ſeg- 


ments between the point H and 


the foci, above the rectangle 


2 ADa, contained by the ſeg- 
ments between the perpendi- 


Fig. 3. 4+ 


: cular and the vertices of the 


tranſverſe axis. 
For 
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For ſince the ſtraight line CH is cut in- 


to two parts in the point A, the ſquares of 
CA, CH are together equal to twice the 


rectangle ACH, together with the ſquare 


of AH (7. 2. Elem.), that is, becauſe CA, 
CF, CD, CH are proportionals, (preced. 
prop.) equal to twice the rectangle FCD, 
together with the ſquare of AH or GF, 


that is, equal to twice the rectangle FCD, 


together with the ſquares of FD, DG, that 


is, equal to the ſum of the ſquares of FC, 
CD and DG (7. 2. Elem.): Therefore 
the two ſquares of CA, CH are equal to 


the three ſquares of CF, CD, DS: But 
the ſum of the two firſt is equal (6. 2. E- 


lem.) to the ſquares of CA, CE, together 


with the rectangle EHF; and the ſum of 


the three laſt is equal (6. 2. Elem.) to the 
ſquares of CA, CF, DG, and the rectangle 


ADa: From theſe equals take away the 


common ſquares of CA, CF, and there will 
remain the rectangle EHF, equal to the 
ſquare of DG, together with the rectangle 
ADa. N 


PROP. 
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P R O P. VII. Ta EOR. 


If from a point in an hyperbola a 


ſtraight line be drawn perpen- 


dicular to the tranſverſe axis ; 


the ſquare of the tranſverſe ax- 


is is to the ſquare of the ſecond 


axis, as the rectangle contained 
by the ſegments between the 
perpendicular and the vertices 


of the tranſverſe axis, is to the 


ſquare of the perpendicular. 


Let G be a point in the hyperbola ; from 


draw GD perpendicular to the tranſ- 


Fig. 3-4 


verſe axis Aa; then the ſquare of Aa is to 
the ſquare of Bb, as the rectangle ADa, 


contained by the ſegments between the 


vertices of the tranſverſe and the point D, 


is to the ſquare of GD. 


Having 
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Having drawn the ſtraight lines GE, 
GF to the foci, place AH from the neareſt 
vertex to the focus F, of the tranſverſe ax- 
is, equal to GF the leſſer of them: Then, 
becauſe CH, CD, CF, CA are proportion- 
als; their ſquares are alſo proportionals ; 
but the ſquare of CH is equal to the 
ſquare of CF together with the rectangle 
EHF, and the ſquare of CD is equal to the 
: ſquare of CA together with the rectangle 
ADa (6. 2. Elem.); therefore, as the 
whole ſquare of CH, is to the whole ſquare 
of CD, ſo is the ſquare of CF taken from 
the firſt, to the ſquare of CA taken from 
the ſecond : Therefore the remaining reCt- 
angle EHF is to the remaining rectangle 
ADa, as the ſquare of CF to the ſquare of 
CA (cor. 19. 5. Elem.); and, by diviſion, 
the exceſs of the rectangle EH F above the 
rectangle ADa, is to ADa, as the (6. 2. E- 
lem.) rectangle AFa to the ſquare of CA: 
But (by the preceding prop. and 4. 3.) the 
ſquare of GD is to che rectangle ADa, as 

the ſquare of CB is to that of CA; and, 
inverſely, the ſquare of CA is to the ſquare 
"> ef 
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of CB, as the retangle | ADa is to the | 
oy of GD. 


2 Cox. The ſquares of ſtraight lines drawn 
perpendicular to the tranſverſe axis from 


points in an hyperbola, or in oppoſite hy- 

perbolas, are to one another, as the rectan- 

gles contained by the ſegments intercepted 

between thoſe ſtraight lines and the ver- 

tices of the tranſverſe axis; as was ſhewn 
in the ellipſis (1. cor. 6. 2.). 


PROP. VIII. Truro. 


If from a point in an hyperbola a 
ſtraight line be drawn perpen- 
dicular to the ſecond axis ; the 
ſquarg of the ſecond axis is to 
the ſquare of the tranſverſe, as 
the ſum of the ſquares of half 
the ſecond axis, and of its ſeg- 


ment between the perpendicu- 
lar 


Fig. 4. 


54 
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lar and the centre, is to the 
ſquare of the perpendicular. 


| From a point G of an hyperbola draw 
GN perpendicular to the ſecond axis Bb; 
the ſquare of Bb is to the ſquare of Aa. as 
the ſum of the ſquares CB, CN, to the 


ſquare of GN. 


Becauſe, by the oy the . wire 


of CA is to the ſquare of CB, as the rec- 
tangle ADa is to the ſquare of GD: 


Therefore, inverſely, and by propoſition 
12. B. 5. Elem. the ſquare of CB is to the 
ſquare of CA, as the ſum of the ſquares 
of CB, GD is to the ſquare of CA, together 


with the rectangle ADa, that is, as the ſum 


of the ſquares of CB, CN is to che ſquare = 
of CD or GN, 


j 


Con. Hence, if from two points of an 


hyperbola, or of oppoſite hyperbolas, per- 
pendiculars be drawn to the ſecond axis, 
the ſquare of the one perpendicular is to 


the ſquare of the other, as the ſum of the 
| ſquares 


_ 
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ſquares of half the ſecond axis, and of the 


diſtance between the former perpendicular 
and the centre, is to the ſum of the {quares 


of half the ſecond axis, and of the diſtance 


between the latter and the centre. 


PR UT IK. TazoR, 


A Qraight Une terminated both 


ways by an hyperbola, or op- 


poſite hyperbolas, and parallel 


to either axis, is biſected by the 


other axis; or, what is the 
ſame thing, the AXES, are con- 


jugate diameters. 


Firſt, let the ſtraight line DE be parallel 
to the ſecond axis Bb, and meet the tranſ- 
verſe in F; and thus the ſquare of DF is io 
the ſquare of EF as the rectangle AFa is to 


the (cor. 7. 3.) rectangle AFa : therefore | 


DF, FE are equal. 


Next 


Fig. 5. 
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Next, let DG bs parallel to the trhnfs © 


verſe axis Aa, and meet the ſecond axis 


Bô in K; and thus the ſquare of DK is to 


the ſquare of KG, as the ſum of the ſquares 


of CB, CK is to the fum of the ſame ſquares 


| {cor. preced.) of CB, 9 a therefore DK, 
GK are . 


e Tattoos. 


A ſtraight line terminated both 


ways by an hyperbola, or op- 
poſire hyperbolas, and biſected 
by either axis 18 parallel to the 
other axis. | 


\ Firſt, let DE be biſeded by the tranſ- 


verle axis in F; and draw DK, EL parallel 
to the ſame axis, and meeting the ſecond 
axis in the points K, L; then, becauſe 
DF, FE are equal, KC, CL are alſo equal: 
but the ſquare of DK is to the ſquare of 
4 EL, 


* 
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EL, as the ſquares of CB, CK togerhery 


to the ſquares of CB, CL together; 
therefore DK, EL are equal, and they are 
parallel: Conſequently DE, KL are alſo 
parallel (33. 1. Elem.). 5 
Next, let DG be biſected by the ſecond 
axis in the point K, and draw DF, GM 


parallel to the ſame axis, and meeting the 


tranſverſe axis in F, M; then, becauſe 
DK, GK are equal, FC, CM are likewiſe 
equal ; and, of conſequence, FA, aM are 
equal: Now the ſquare of DF is to the 
ſquare of GM, as the rectangle AFa. to 
the rectangle AMa; but the rectangles 
AFa, AMa are equal ; and therefore the 
ſtraight lines DF, GM are equal, and they 


are parallel; conſequently DG, FM are 


likewiſe parallel (33. 1. Elem. 


Con. It is manifeſt from the demonſtra- 
tion, that the ſtraight lines DF, GM, 


which are parallel to either axis Bb, and 


cut off, between the centre and the points 
where they meet the other axis, equal ſeg- 


ments FC, MC, are alſo equal. In the | 
ſame manner, DK, EL are equal, which 
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are parallel to the axis Aa, and cut off the 


equal ſegments CK, CL. 
And the contrary : If DF, GM are. FR : 
qual to each other, and parallel to Bb, they 


cut off equal ſegments FC, MC, In like 


manner, if DK, EL be equal to each other, 
and parallel to Aa, they cut of equal: leg- 


| ments CK, CL» 


Fig. 6. . 


PROP. XI. Tuxox. 


Any ſtraight line perpendicular to 
the tranſverſe axis, and meet- 
ing it below the vertex, will 
meet the hyperbola in two 
points, welt 


Let DC be perpendicular to the tranſ- 
verſe axis Aa, and meet it in C, below the 


vertex A; then DC meets the hyperbola : 


| intwopoints. Let E,F be the foci ; and from 


C, place CG equal to CF, the diſtance be- 


tween. C and the nearſt focus; and from 
the 
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the other focus place EK, equal to the 
tranſverſe axis Aa, If then, the point C Fig. 6 : 
be below the focus F, it is evident, that | \ 
EK is leſs than EG: But in the other caſe 5 
where the point C is above F; ſince Aa, Fig. 7. 
EK are equal, AK is equal to aE, that is, 
to AF; and, by hypotheſis, FC is lefs 
than FA; twice FC is, therefore, leſs than 
twice FA, that is, FG is leſs than FK ; and 
thus EK is leſs than EG: Make then as EK 
to EF, ſo is EG to a fourth proportional Fig. 6. 54 
EH ; and ſince EK is lefs than each of the | 
two EF, EG, and, of conſequence, much 
| Jeſs than EH; therefore EK, EH are (25, 
. Elem.) together greater than EF, EG 
together. From thefe unequals take away 
twice EK, and KH will be greater than 
EK and KG together, that is, than twice 
KCC; for CF is equal to CG: Hence, if 
KH is biſected in L. KL will be greater 
than KC; and therefore the point L falls 
below the ſtraight line CD; and a circle 
deſcribed from the centre E, with the diſt- 
ance EL, will neceſſarily meet CD in two 
points D, d. Deſcribe, from the centre 


D, 
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D, diſtance DF, another circle, which (3. 
3- Elem.) will paſs through the point G; 
join DE, and let this circle meet it in the 
points M, N; and becauſe EK is to EF, 
as EG to EH, the rectangle HEK! is equal 
to the rectapgle FEG, chat is, to the rect- 
angle MEN (cor. 36. 3 . Elem.) ; 5 and ED, 
EL are equal; and thus their ſquares are 
equal; from which take away the equal 
yeRtangles MEN, HEK, and the remain- 
ing ſquare of DM, or DF is equal to the 
remaining ſquare of KL (6. 2. Elem. ): 
Conſequently DM and KL are equal, and 

which. being taken from the equals_ 'ED, 
EL, the remainder EM, is equal to the re- 
mainder EK, or the tranſverſe 3 axis Aa; 
and EM is the exceſs of DE above DF: 
therefore the point D is in the hyperbola. 
In like manner it may be demonſtrated, that 


the point di 18 in the hyperbola. ' 


DEFI- 


4 
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DEFINITION X. 


If through one of the vertices of the Fig. . 


tranſverſe axis a ſtraight line be drawn e- 
qual and parallel to the ſecond axis, and 
biſected by the tranſverſe axis; the ſtraight 
lines drawn through the centre and the 
_ extremities of the parallel are called the 
aſymptotes. 1 


Con. 1. The aſymptotes of two oppoſite 
hyperbolas are common to both, | 
For let CD, CE be the aſymptotes of 
the hyperbola AF, and draw through the 
_ vertex A of the tranſverſe axis the raight 
line DAE parallel to the ſecond axis Bb, 
and through the other vertex a the ſtraight 


line dae parallel ro DE; then becauſe CD, 


CE. are aſymptotes, DA, AE are each of 
them equal and parallel to CB, half the 


| ſecond axis: And becauſe „ are 


parallel, and CA, Ca equal, (by ſimil. tri- 
an.) ad, ac are equal and parallel to AD, 
2 AE; 


c 


Fig: 8. 


; poſkible, let CD meet the byperbola i in F, 
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AE; ann they are equal and 
parallel to half the ſecond axis: Therefore 


Cad, Ce the continuations of CD, CE, are 


alſo aſymptotes of the- te * 


_ Cor. 2. The e are Bertl 


ſtraight lines joining the extremities of the 


axes; for if AB, bA be joined, CE, CD 
are parallel to them (33. 1. Elem. ). 


PROP. XII, Taxon. 


The aſymptotes do not meet the 5 
1 gra W 5 (A; | 


Let there be an hyperbola, the tranſrerſe 
axis of which is Aa, and the centre We 
and through A draw a flraight line per- | 
pendicular to CA, and in this perpendicular 
take AD, AE, equal, each of them, to 

half the ſecond axis; join CD, CE; which 
are therefore the aſymptotes: : Now if 


and 
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and through F draw a ſtraight line parallel 
to DA, and meeting the axis Aa in G; 
and ſince the rectangle AGa is to the 
ſquare of GF, as the ſquare of CA is (7. 
3.) to that of CB or AD, that is, as the 
ſquare of CG is to that of GF, therefore 

the rectangle AGa is equal to the ſquare 
of CG z which is abſurd (6. 2. Elem.) : The 
aſymptote, therefore, meets not the hy- 
perbola in F. In like manner it may be 
ſhewn, that it does not meet the hyperbola 
in any other point. | 


Ss & -2 7 4 
. 


PROP. XIL TazoRe. 


: If gh a point of an hyper- 
bola a ſtraight line. be drawn 
parallel to the ſecond axis, and 
meeting the aſymptotes; the 
by rectangle contained by its ſeg- 
ments intercepted between the 


aſymptotes and that point, 18 
equal 
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equal to the ſquare of half" thi 


ſecond axis. ts wh 
8 STI NIE 
* F be a 8 in abs. hyperbola. 7 
through F draw KFL parallel to the ſecond 


axis, and meeting the aſymptotes in the 


points K, I.; the rectangle KFL, is oguek 


to the ſquare of C. 4. 
Through the vertex A of the nals 


A418 draw DAE, meeting the aſymptotes 


it the poitits D, E; and let KL meet the 
fame axis in G: Therefore AD, AE are 
each of them equal and parallel to half the 
fecond axis · To the ſecond axis draw the 


ſtraight line FM parallel to Ca; and, by 


prop. 8. of this book, the ſquare of CB 


or AD will be to the ſquare of CA, as 


the ſum of the ſquares of CB, CM is to 
the ſquare of FM or GC; and (by ſimil. 
trian.)/the ſquare of A is to the fquare of 
AC, as the ſquare of KG to the. ſquare of 
GC; therefore the ſum of the, ſquares of 
CB, CM 3s. to the ſquare of GC, as the 


ſquare of KG is to the ſame ſquare of 


GC: Conſequently the ſum of the ſquares 
on 
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of CB, CM is equal to (9, 5. Elem.) the 
| ſquare of KG: From theſe equals. take 
the equal ſquares of CM, FG, and the re- 
maining ſquare of CB is (F. 2. Elem.) 
equal to the remaining rectangle KFL. In 
like manner, if KL meets the hyperbola 
again in H, it may be ſhewn, that the rec- 
tangte KHL is equal to the ſquare of 

= Ch. 


3119 Ts 


Cox R. 7 if in a 1 * KL ter- 
minated dy the aſymptotes, and parallel 
to the ſecond axis, there be taken a point 
F, ſo fituated, that the rectangle KFL 
may be equa] to the ſquare of the ſecond | 
axis; 5 that t point is in the hyperbola. A 


Ng R O 7. Xv. Turon- | 
If a a Araight line meeting an hy- 
| perbola, or the oppolite hyper- 
bolas in two points, meets alſo 
the aſymptotes; the reQangle 
contained by the ſegments be- 
tween 


32 CONIC SECTIONS... 


tween the aſymptotes and the 
one point, is equal to that con- 

tained by the ſegments between 
the ſame aſymptotes and the o- 
ther point: And the ſtraight 
lines intercepted between the 
aſymptotes and the Points in 
3 hyperbola are equal. . 


Kat: AB be a ſtraight line meeting the 
Fe or oppoſite hyperbolas, in the 
points A, B, and the aſymptotes in C, D; 

then the rectangles CAD, CBD are equal ; ; 

and alſo CA, BD are equal. Fl 21 01 
Through the points A, B draw ſtraight 
lines parallel to the ſecond axis, and meet- 
ing the aſymptotes in E, F and in G, H: 
and ſince, by the preceding propoſition, 
there angles EAF, GBI are each of them 
equal to the ſquare of half the ſecond axis, 
they are equal to each other; therefore, as 
EA to GB, ſo is BH to AF: But the tri- 
angles being equiangular, as EA to GB, ſo 
is CA to CB; and as BH to AF, fo is BD 
to 
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Book III. 


| 5 ADis/ Therefore ins CA to CB ſo is BD 
to AD; therefore the rectangle CAD is e- 
qual to the rectangle CBD: Take away, or 
add the common rectangle AC, BD, 
according as the” points are in the ſame, or 
in“ oppoſite hyperbolas, and the rectangle 
CAB is equal to the rectangle ABD; and 
therefore the ſtraight lines AC; BD are e- 
2 (r 6. * | 


„ble bu n points A, L in an hy- 
perbola, to either aſymptote KC: ſtraight 
lines AM, LN be drawn parallel to the o- 
ther aſymptote; and from any other point 
B in the hyperbola the ſtraight lines AB, 
LB be drawn meeting the ſame alymptote 
KC in C, O; then CO, MN are equal. 
For let AB, LB meet the aſymptote KP in 
the points D, P, and to the other aſymp- 
tote KC draw BQ parallel to the aſymp- 
tote KP: Becauſe AC, BD are equal, as 
alſo OL, BP; therefore CM, QK are e-) 

qual, as alſo ON, Q; conſequently CM 


* 
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is equal to ON; and MO deingoommony 
GO. MN are likewiſe el. Me Aris 


PR 0 P. Ty Turo. 

If through two points in an hy- 
perbola, or in oppoſite hyperbo- 
las, two parallel ſtraight lines be 

drawn which meet the afymp- 
totes; the rectangles contained 
by their ſegments between the 
points and the aſymptotes are 8 
equal. 


Fig. 1. Let A, B be two point in an hyperbola, 
= | oviii oppoſite hyperbolas ; through theſe 
points draw CD, EF parallel to each other, 

and meeting the aſymptotes OC, OD in 

the points C, D and E, F; the reQangles 
EAD, EBF are equal. 
Through the points A, B to the "PONY 

totes draw the ſtraight lines GAH, KBL 
parallel to the ſecond axis zand becauſe. 

. the 


— 4 
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the rectangles GAH, KBL are each of 


them equal (13. 3.) to the ſquare of half 


the ſecond axis, they are equal to each o- 


ther: Therefore GA is to KB, as BL to 


AH: But the triangles GAG, KBE being 
equiangular, GA is to KB, as CA to EB; 
and'the triangles LBF, HAD being equian- 
gular, BL is to AH, as BF to AD: There- 
fore G is to EB, as BF to AD; and 
conlec ure rectangles CAD, EBF are 


equal. 


4 þ* 8 11 * 


Gon. l. i, And if tend the centre a 
ſtraight line ACM be drawn meeting both 
the hyperbolas, and parallel to the ſtraight 
line BEF ; the ſquare of either ſegment AO; 
| intercepted between the centre and either 
hyperbola, is equal to the rectangle EBF. 


The demonſtration is the fame as in the 


propoſition. „ 
CoR- a. Hence any ſtraight line drawn 


| through the centre, and terminated by op- | 


poſite hyperbolas, is biſected in the centre. 
Cor. 3-If CD, EF meet an hyperbola, 


or irs oppoſite hyperbola again in the 
7.4 | points 


Fig. 10. 
A. 1. 


Fig. 10. 
n. 2. 
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points M, N, the rectangle ACM or ADM, | 
is equal to the rectangle BEN or BEN: 


For AC, MD are equal, as alſo BF, NE. 

COoR- 4. And ſince it has been proved, 
that the ſquare of the ſemidiameter AO or 
OM is equal to the rectangle EBF, that is, 
to BEN; therefore BE is to AO, as AO to 
EN ; and conſequently BN 1s greater than 
(25- 5. Elem.) twice AO, that is, than 
AM ; that is any tranſverſe diameter is leſs 


than any other ſtraight line parallel to it, 


and terminated in oppoſite hyperbolas. 
Cor. 5 If in a ſtraight line BN termi- 

nated by the hyperbolas, there be taken the 

points E, F ſuch, that each of the rectan- 


gles BEN, BFN be equal to che ſquare of 


the ſemidiameter AO, which is parallel to 
BN; the points E, F are in the aſympto- 


tes. 


PROP. XVI. TR EROR. 


If from a point in an hyperbola to 
the W any two ſtraight 
lines 
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ünes be drawn, to which other 
= two ſtraight lines drawn to 
_ the aſymptotes from any other 
point inthe ſame, or oppoſite hy- 
perbola, are parallel; the rectan- 
1 contained by the former 
ſtraight lines is equal to that 
contained by the latter. 


n 
n 
N 1 - = * 


1 * dd =} . . 5 
2 r LEST IR ESE SS 
TS z>zAL Y 4 1 Wie I 2 


Let. A, B be points in an hyperbola, Fig. 11 
or in oppoſite hyperbolas ; through A draw 
the ſtraight lines AC, AD to the aſympto- 
tes, and through B draw BE, BF paral- 

lel to AC, AD: the rectangle CAD is e- 
qual to the rectangle EBF. 

Draw through the points A, B to the a- 
ſymptotes the ſtraight lines GAH, KBL, 
parallel to the ſecoud axis, and the propo- 

ſition may be demonſtrated in the ſame 

words with the preceding. | 


Cor, 1. Hence, if from two points in 


an hyperbola, or oppoſite hyperbolas, to . 
£7 one 


n coul ERC 


one or both of the aſymptotes, two ſtraight 
lines be drawn parallel to the other aſymp- 
tote, or to both of them; the rectangles 
contained by each parallel and the abſciſſa 
between it and the centre are equal. 
Let A, B be the points; through them 
draw AC and BE, or BF, parallel to the 
aſymptotes; the rectangle contained by the 
parallel AC, and the abſciſſa CO between 
AC and the centre, is equal ro the reQan- 
gle BEO or BFO. For complete the par- 
allelograms ACOD, BEOF and the rectan- 
gles CAD, EBF, that is, the n ACO, 
BEO, will be equal. , 

Cor. 2. And ſince theireftangles. cab, 
EBF are equal, AC is to BE, as BF to AD; 
and the parallelograms ACOD, BEOF 1 
ing equiangular, they are therefore. equal 


(14. 6. Heß... | 
PROP. 


In general, the parts cut off in an indefinite ſtraight 
line, and eſtimated from a given point, by parallels 
drawn from any curve line, and forming with it a 
given angle, are called Ahſeiſſe, or abſciſſas; and the 
i. are called Ordinates to that curve, : 


% 
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joins JO. P. xv. - Tazon. / 
Any ſtraight l . drawn hk 

the'centre, and within the an- 

gle contained by the aſymptotes N 


"meets the hyperbola. oh 


m1 * fr 184 7% 


Let AB, Ac be the aſymptotes, and AD 
the half of the tranſverſe axis, and let AE 
be any ſtraight line drawn through the 
centre and paſſing within the angle BAC ; 
this ſtraight. line AE meets the hyper- 
bola. For if AE meets not the hyperbola, 


through] D draw BDC parallel to the ſecond | 


axis, and meeting the aſymptotes in B, C; 

draw alſo DF parallel to AB, and let DF 
meet AE in F; and having taken BG e- 
qual to DF, join GF, which will be equal 
and parallel to BD, and will therefore meet 
the tranſverſe axis at right angles, and ſo 
will cut the hyperbola (11. 3. ): let it cur 


it in H on the ſame ſide of AD with the 


point F ; and let it meet the other aſymp- 


5 Fare 1 in K: Since, therefore, the point F is | 


without 


Fig. 12. 
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without the hyperbola, GH is greater than 
GF, that is, than BD; and HK is greater 
than DC: Therefore the rectangle & HK 
is greater than the rectangle BDC, that is, 
than the ſquare of BD: But, by the 13th of 

this book, the rectangle GHK. is equal to 


the ſquare of BD; which 1 is . There- 
oy AE neceſſarily meets the hyperbola. 


+.» 364 111 
4 5 If _ the centre a Araight line 


OA be drawn within the angle contained 
| f 

by the aſymptotes; and the ſquare of 

that ſtraight line be equal to the rectangle 


EBF, contained by the ſegments of any 
ſtraight line parallel to OA, which are inter- 
cepted between the point B, where that pa- 

rallel meets the hyperbola, and the, points 
E, F where it meets the aſymptotes ; the 
point A is in one of the hyperbolas. For, 


according to the propoſition the ſtraight 


line OA neceſſarily meets the hyperbola, 
if, therefore, it meets not the hyperbola 
in A, it muſt meet it in ſome other point 
P; and then the ſquare of OP will be e- 


x to the 2 cor, 1 1 3. ) tectangle EBF, 


that 
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that is, to the ſquare of OA; which is 
abſurd, Therefore the eie Ais in che 
hyperbola. | 


| PR OP. XVIII.” (Prop. 13. DB, 2% Apoll.) | 


If within the angle contained by 
the aſymptotes, any ftraight - 
line be drawn parallel to either 
of the aſymptotes; it meets 
the hyperbola in one point only, 
and paſſes within the hyperbola, 


Let there be an hyperbola, he aſymp+ Fig. 12. 


totes of which are AL, Au; take any 
point N, and through N draw NO parallel 
to AL; the ſtraight line NO will meet the 
hyperbola. For, if poſſible, let NO not 
meet the hyperbola ; in the hyperbola take 
any point P, through which draw PQ, 
PM parallel to AM, AL ; and make the 
rectangle ANO equal to MPQ ; and hav- 
ing joined AO, produce it, AO will meet 
the hyperbola (17. 3.): Let it meet it in 
the m_ R, and through R draw RS, RT 

parallel 
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parallel to AM, AL; therefore the rect- 
angle Mp is equal to the (16. 3.) rect- 
angle TRS: But the rectangle ANO is 
made equal to the ſame MPQ ; conſequent- 
ly the rectangle TRS, that is, the rectangle 
ATR, is equal to ANO; which is im- 
poſſible; becauſe RT is greater than NO, 
and AF greater than AN : Therefore NO 
muſt meet the hyperbola, Let it meet it 
in the point V; and it remains to be pro- 
ved that it does not meet it in any other 
point : For, if poſſible, let it meet the hy- 
perbola likewiſe in X, and through V, X 
draw VY, XL parallel ro AM; therefore 
the rectangle NVY is equal to the rect- 
angle NXL ; which is abſurd : Therefore 
NO meets the hyperbola no where but in 
the point V. Laſtly, in the ſtraight line 
NV produced, take the point X, and 
through X draw a ſtraight line parallel 
to AN, and let this parallel meet AY in L 
and the hyperbola in Z; therefore the 
rectangle XLA is greater than VIA, that 
is, than ZLA; therefore LX is greater than 
LZ; and thus the point X is within the 


| a | 


| Con. 
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Con. i. It appears from the demonſtra- 
tion, that a ſtraight line drawn. through 
the centre, and paſſing between the aſymp- 
totes; meets the hyperbola in one point 
only: For ſhould AR meet the hyperbola 
in another. point O, the rectangles RTA, 
ONA would be equal; which is abſurd. 

Con. 2. And if a ſiraight line meet an 
hypetbola, or oppoſite hyperbolas, in two 
points; it meets both the aſymptotes: For 
if it were parallel to the one of the aſymp- 
totes, it would meet the hyperbola in only 
one point. 
Cox. 3. And if a ſtraight line touch an 
hyperbola, it meets both the aſymptotes : 
For if it were parallel to the one of them, 
It Would 7 . the be 1 
is abſurd. a 

- Cor: 4. If through the point N in one 
ofyraprote 4 ſtraight line NO be drawn pa- 
rallel to the other, and in this ſtraight line; 
and within the 28928 containing the hy- 

perbola, a point V be taken, making the 

rectangle VNA, contained by a ſtraight 


la 3 the 3 AM and the 
| . 888 
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point v. and the abſciſſa between it and the 
centre, equal to the rectangle PMA, con- 
tained by a ſtraight line drawn from any 
point P of the hyperbola, fo as to be 
—_ the aſymptote AL, and the abſciſſa 
between this parallel and the centre; the 
point is in the hyperbola: For if NO meet 
not the hyperbola i in V, let it, if poſſible, 
meet it in X; the rectangle XNA is, there- 
fore, equal to the rectangle PMA, that is, 

to the rectangle VNA; which is abſurd. 


 - Therefore the point V is in the hyperbola. 
. PROP. XIX. Tazor- 


Pig. 1g: Tf through a point A of an hyper- 
bola a ſtraight line be drawn 
meeting both the aſymptotes 
in the points B, C; if from 
5 either of the points ol another 
_ ſtraight line CD be. Placed 
equal to the ſtraight line enter- 
. cepted between the point A in 
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e hyperbola and the remain- 
ing point B, ſo that the ex- 
tremity D of the ſtraight line 


CD, and the point A in the hy- a 


perbola, may be either both. 
between, or both beyond, the 


points B, C; the point D, in 
the firſt caſe, is in the hyper- 
bola in which the point A 18:5... 


but in the ſecond, it is in the 
oppoſite hyperhola. . 


3 


Let G be the centre of the hyperbolas, 
and through A, D, to either aſymptote, 


GB, draw ſtraight lines AE, DF parallel 
to the remaining aſymptote: And, becauſe 


of the parallels, BA is to DC, as BE to 
FSG; but BA, DC are equal; therefore 


BE, FG are equal; and conſequently BE, 
EG are alſo equal: and. becauſe of the 


equiangular triangles, AE is to DF, as 


BE to BE, that is, as FG to EG; there- 
fore tho reccangle AEG is equal to the 


rectangle 


= . = 4 r n 3 5 q 
. TR > T 
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ls; DFG: But the point A is in the 
hyperbola; and becauſe GF is an aſymp- 


tote, the point D is alſo in the ee 
Z 4 cor. N prop). 8 


Fig- 13. 


P R 0 P. XX. | Turox. 


If a 3 line cuts the aſymp- , 
totes, but oppoſite to the angle 
adjacent to that containing 
an hyperbola; it meets each 
of the hyperbolas in only one 
point. 


9 3 there be an hyperbola, the aſymp- 
totes of which are GB, GC, and let the 
ſtraight line BC cut them in the points B, 
C; and having taken in the hyperbolas 
any point H, and drawn HIK parallel to 
BC, meeting the. aſymptotes in I, K; to 
the ſtraight line BC apply a rectangle 
equal to the rectangle IHK, and exceed- 


| oy by a ſquare (29. 6, _— ; and let 


either 


1 


either A, or D be the point of application; 
the points A, D are in the hyperbolas. 
For through A, H draw the ſtraight lines 
AE, AN, and HL, HM parallel to the 
aſymptotes; and becauſe the rectangles | 
HI to AC: But, becauſe of the equian- 
gular triangles, BA is to KH, as AE to 
HL; and Hl is to AC, as HM to AN; 
therefore AE is to HL, as HM to AN; 
and therefore the rectangle EAN, - 
AEG, is equal to the rectangle MHL, or 
HLG : But the point H is in the hyper- 
bola; therefore the point A is alſq in the 
ſame, or in the oppoſite hyperbola (4. cor. 
18. 3.). In the ſame manner D is hewn to 
be in the hyperbola oppoſite to that in 
which the point A is. And it is manifeſt, 
that BC does not meet the e in 
any other point. | 


Con. | Hence, if a ſtraight line BC cut 
both the aſymptotes, but oppoſite to 
the angle adjacent to that containing the 
hyperbola, and 3 in BC produced a point ö 


be 
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be taken / ſuch, that the rectangle BAC be 
equal, either to K Hl, contained by the 
ſegments of any ſtraight line HK parallel 
to BC, intercepted between 'the point 'H 
where HK meets the hyperbola, and 
the points K, I where it meets the aſymp- 
totes, or to the ſquare of the ſemidiameter 
parallel to BC; the point A is in one of 
the e ( cor, 1 15. 3 9. n ee 


8 If a '/ TY RA cut both the 
aſymptotes of an hyperbola, and 
if the ſquare of half this line 
be not leſs than the rectangle 
contained by the ſegments of . 
another ſtraight. line, drawn 
parallel to it, through any point 
of the hyperbola, intercepted 
between the hyperbola and the 
alymptotes; ; this ftraight line 
0 meets che hyperbola, 1 
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Let there be an hyperbola, the aſymp. 
totes of Which are OC, OD, and let a 
ſtraight line GH cut them; in the hyper- 
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bola take any point M, and through M 


draw a ſtraight line parallel to GH, meet- 
ing the afymptote in K, L; if the ſquare 
of half GH is not leſs than the rectangle 


KML, the ſtraight line — meets the | 


eh pie 


& 
+ 4 1 
* 


To the ſtraight line GH apply a k 
aal equal to the reckangle KML, and 


deficient by a ſquare; which, from the 


determination, is poſſible (27. 28. 6. Eleni.), 


and let A be the point of application; ; this 


point will be in the - hyperbola : For if 


theſtraight lines AC, MN be drawn through 
the points A, M parallel to the aſymptotes, 
the rectangles ACO, MNO will be equal 


(1. cor. 16. 3.); becauſe the rectangle GAH 


18 (15. 3.) equal to the reclangle KML; 
but the point M is in the hyperbola, 
therefore the, point A is alſo'i in it. In like 


manner it may be proved, that the other 


point of application is in the hyperbola: 


But 


—— ——— 4w˖ · ꝗ«—— m4— ——4 


* Ly — . _ 
ni EN 


| 
I 
| 
H 
| | 


Y \ 
* ä — . -ownok_ ae. a 
* 


tangent parallel to GH, between the af 


cone. SECT ONS... 


2 oy 


[ But if the ſquare of the. half of GH be 
2 to the vectangſe KML, the point 


' of GHH 


"GH is" the: only 
chat can 1 in 8 eee 


D coed an ac 0907 35l.\ 
wie) 7 wy 56 a, ftraight,ling GH 
eaning the aſymptotes QR, Ol af. ag hy- 
perbola, à point A. be taken. mak ing che 
rectangle GAH equal either to the tect- 
e KML. contained by the ſegments of 
other ſtraight line KIL. parallel to GH, 
intercepted. between the point M where 
KL. meets the hyperbola, and. the points | 
K. L. where it meets the aſywptotcs;\ or, 
equal to the ſquare of the ſegment of the 


doe and point of CHART gran is 


$ * e, 
in one of the n ts 1 BSTC Tq 
£53 | 5 24 * fa * e 1 ** ET 
* 


ee u indefiniely, rl 
wy ally 8 approach; and the di. 
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„ e propoſition 14. 
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ſtance between them becomes 
leſs than ay Sven Glance. 4+; ol 


Let — be an hyperbola, the bt * 1 * 
totes of which are AB, AC, and let N be 
the given diſtance; and let E, F be two 
points in the hyperbola, through which , 
draw GEH, CEL. parallel to each Gher, * 
and meeting the aſymptotes in the points 
S, H and C, L; ; join AE, and let it meet 
CL. in K: Then, becauſe the rectangle 
GEH (15. 3.) is equal to the rectangle 
CFL, LF is to HE, as EG is to FC: But 
LF is greater than HE, becaule KL 1s 
greater than HE; therefore EG is alſo 
greater than FC. In like manner it may 
be proved, that the parallels which follow D 
are ſucceſſively leſs than FC, | Take then a 15 A 
diſtanee GM leſs than the given diſtince 
D, and through M draw MN parallel to 
AC ; therefore MN will meet (18. 3. } the 
hyperbola ; Let it meet it in N, and 
through N draw ONB parallel to on 5 
therefore the diſtance ON is equal to GM, 
and therefore leſs than the given diſtance D. 


Gs: _ FRAP. 
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It a ſtraight line intercepted be- 
tween the aſymptotes meets the 
uyperbola, and is biſected in the 
point where it meets it; this 
line touches the a un And 
if it touch the hyperbola, it 
is biſected in the point of con- 
tact. e I” 


1 yy 


Fig. 15- Let there be an hyperbola. the aſymp- 
26 Þ totes of which are AB, AC, and let a I 
| ſtraight line BC, terminated by the aſymp- 
totes, meet it in the point D, and be bi- 
ſected in D; the firaight line BC touches 
the hyperbola. 
Through D draw DE 1 to o the one 
aſymptote AC, and meeting the other in 


| E; and in BC take any point G, through _ 
which draw GH parallel to DE; GH will | 


meet the hyperbola (18. 3.) in ſome point 
| EL + 


* _ 
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F;: Then, becauſe BD, DC are equal, BE, 
EA are alſo equal; and, becauſe of the e- 
quiangular triangles, BE is to ED, as BH 
to HG; therefore (1. 6, Elem.) the rect- 
angle BEA is to the rectangle DEA, as 
the rectangle BHA to GHA: But the 
rectangle BEA is (5. 2. Elem.) greater 


than BHA; therefore the rectangle DEA 


is alſo greater (14. 5. Elem.) than the rect- 


angle GHA; that is, becauſe F is in the hy- 


perbola, the rectangle FHA is greater than 


the rectangle G HA; and therefore FH is 
greater than HG : Therefore the point G 


is without the hyperbola ; and therefore 
the ſtraight line BC touches the en 
in the point D. | 


OTHERWISE, 


by che aſymptotes, is biſected by 
the hyperbola in the point D, 
it touches the hyperbola 1 in this 


point. 
I 


1 a night line LM. beine Fig. 13. 


2 * ONE SEODIO W845 


2 plaid that the Airaight re LDpalſes 


"not within ghe byperbola:; for if it paſſett- 
within the hyperbola it would neceſfatily 


meet it again in another point, becauſe the ; 
points I., Mare without the h pfrhala 
But it is impoſſible for it to meet the hy 
perbola in any other peint but Dun For if 


poſſible, let it meet it like wviſe in Nqithere- 
fore NM is (14. 3.) equal to DL, that's, 
to the hypotheſis to DM ;)Whiel 


zs abfurd, Therefore LM falls not within 


the .byperbola, nor meets it any vhefr but 
in the point D D; and therefore ERNI con- 


N A 5507 gef : 1 dope! 
| On the contrary; ; 11 the firaigti Ene Eh, ; 

| terminated. by. the aſymptotes, touch the 
nxperbola in P, it is biſected in the rent 


of contact. 


For if 1D, DM are unequal,” from DM 
ie greater, take away MN equal to L the 
"7 els; rler ane Point: Na wes uf in | 
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of an hyperbola, only one ſtruighe line cum 
be drawn touching the lryperbola . 10 

Let Dybe a point in tlie hyperbala, and 
throughq that point to the afymptote A 
draw a, ſtraighr line DE parallel to the 


ther nd take EB equal to EA, and ha- 5 


ving joined BD; let it meet the afymptote 


Ain C.: Then, fince BE, EA are equal, 
BD, DG tate alſo equal; BG, therefore} 
touches the hyperbola in D. And nb o. 
het ſtraght line ean touch it In the fame” 
paint D For, if - poſſible, let EDM alf 
touch it; then, ſince BE, EA ate equal, : 
therefore! EE, EA are unequal; "arid e- 
ſequentiy LD, DM are likewiſe wnequar* 
Therefore LN does not touch the Hypers' 


? 3 , 
bola · H "I 


Con. a. Hence l manifeſt, the manner 
by which, if the afymptotes AB, AC & 
an hyperbola be given in poſition, a fraighte 
line BC can be drawn, which ffiall touch 
the hyperbola in a given poi oe 20999467997 


Con 3. If through the vertices of a 
tranſverſe diameter two ſtraight lines be 
| drawn 


-<D6x!!1i Henets through: the fiche pelt Fig. 13s 


us 8 I” 
5 
x 


drawn touching the hyperbolas, they are 
" parallel; to each other. Let AC, BC be 
the aſy mptotes, and let AOB, ER touch | 


the hyperbolas in the vertices of the tranſ- 
verſe diameter OCP ; che tangents AB, QR 
are parallel. Draw to either aſymptote 
AC the ſtraight lines OS, PT parallel to 


the other, and the triangles 800, TCP are 
equiangular; by the propoſition, A0, OB 
+ ate equal, and becauſe of 'the parallels; As, 
80 are alſo equal : And, in like manner, 


N. T0 are equal; and CO is to, CP, as 
CS. to CT, and conſequently. as CA to 
C. therefore the triangles OC, SO 


are equiatgalar; and therefore 0 Re. 
are parallel. £64 031548154 2 


Con. 4. And if ;2 Araight Fo 8 


parallel to a tangent, and meeting the hy- 


perbola ; 1 the ſquare of the ſegment of the 
tangent between the point of contact and 
either of the aſymptotes, is equal to the 
rectangle contained by the ſegments of the 


parallel, between either point of concourſe 


with the hyperbola, and the aſymptotes. 


For this reQapgle 3 is equal, to the rectangle 


14961 contained 


ock ir 2 H x ad FOLA. 5 257 


cb tät by the ſegments of the tangene 
(15. 30) between the point of contact and 
the afyttiptotes, that is, equal to the ſquare | 
of its ſegment between peeps us "VE contact 
au e ee e 
de, 150319 1 | 3366 TEG 1928. 
81 lll I 20 £13 1 80 A 
7185 40 R 0 . XXIV, e 9117 


000A mile. 93 


The. aſymptotes AB, AC. 8 5 an 
L ene and a point F in thie 
fate, being given in poſition; 
' to 0 fra a ſtraight” line. which 


35, # 9.7 


0 00 touch the .hyperbola, .and 


be parallel to a ſtraight line KO, 
i which is given in poſition, and 
curs both the aſymptotes of the 


| Hype, or RPO Ws 
i. 431 75 i £5: > I&ES 13 403 #455 


195 4 5 PR” 


+ "+ #3 
A bf wt 


V4.4 oli 50 Ws Psebleb be 1 and let BC . 
be patallel to KO, and touch the hyperbo- 


lain wy and having joined AD, iet & 
0 meet 


750 conic. scon 


meet K O in P,; draw FRQ parallel to AD, 
and meeting e aſymptotes in Qs R 

and ſince the Araight line BC touches the 
hyperbola in P, therefore BD is equal ta 
BC (23. 3.); aud conſequently KP is equal 
toPO; and KO is given in polition and 
magnitude; therefore KP and the point P 


are given; but the point A is given; ; there- 


fore the ſtraight line PAD is given in poſi- 


tion. No the ſquare of AD is equal to 


(A, cor. 15. 3.) the rectangſe QER ; and 
ſince FRQ, j is given in poſition (28. dat.), 
and that AB, AC. are, likewiſe given in 
poſition ; 3 therefore FO. FR are (2 5. 26. 
dat.) given ; and therefore the rectangle 
QFR is given; conſequently the ſquare of 
AD. is given; and therefore AD is given 
in magnitude: But the point A is Siren in 
poſition ; ; therefore the point D. is alſo given 
(27. dat.); and (28; dat.) therefore the 
ſtraight line BDC is given in poſition. 

The compoſition is thus: Let KO be bi- 
lected i in P; and having joined AP, draw 
through the point F a ſtraight line FRQ_ 
gals to AP; and: meeting the aſymptotes 
in 


*. 
1 
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in the points R, Q; in AP produced, and 
in either direction from the centre, take AD 
Mt mean proportional between FO, FR; Y 
and through D draw BDC parallel to KO; 
then BCG will touch the hyperbola in D. 
For ſince the ſquare of AD is equal to the 


reckangle QOFR, the point D is (cor. 17. 
3.) in the hyperbola ; and ſince KO, BC 


are parallel, and that KO is biſected in P 
by che ſtraight line PAD, therefore BC'is 
d biſected in D; and conſequently touches 
che hyperbola in the ſame ou D (2; 3. 3. ): 
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170 two wo fraight. Hes coweh.a an 1 52 
perbola, or oppoſite hyperbolas, 
and cut the aſymptotes; the 
rectangle contained by the ab- 
ſciſſas of the aſymptotes be⸗ 
tween the centre and the one 
| ſtraight line, is equal to the rect- 
n 5 Dd angle 
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: angle contained by the abſciſſas 
between the centre and the o- 
Ser ſtraight line, 11 

| FF 

| e L idee be an itn, READ, 

AD for its aſymptotes, let a ſtraight line 

| BD touch it in C, and let another ſtraight 


line GE touch the ſame, or the oppoſite hy- 
perbola, in F; the eee, BAD, EA 
will be equal. 
From the points CE F Mart as k. 
and FL, FM parallel to the aſymptotes; 
then becauſe BCD touches the hyperbola, 
BC is equal to cb, (23. 3.); and con- 
8 BA is the double of AH, and 
AD the double of HC; therefore the rect- 
angle BAD is the quadruple of the rect - 
angle CH A. It may be ſhewn in the ſame 
manner, that the rectangle EAG is the 
| quadruple of the rectangle FMA But (16. 
3.) the rectangle CHA is equal to the rect- 
angle FMA; the rectangle en A there- 
fore 095 0 to the OG fn 3557, 


PROP. 
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EF eo mn lines touching. an 
hyperbola, or oppoſite hyperbo- 
las, meet the aſymptotes; the 
ſtraight lines drawn between the 
points of concourſe are parallel 
to each other, and to the 


ee line n the . 


* 


by en an sehe a AB, Fig. 16. 


AD for its aſymptates ; let BD touch it in 
C= and EG touch the ſame, or. the oppo- 
ſite hyperbola, in F; join BE, DG, and 
CF; the firaight lines BE, DG, And CF 
are parallel. [30 

Since the redtangles BAD, kad are e- 
qual, BA is to EA, as GA to AD; there- 
fore BE, GD are parallel: Join BF, and 
let it meet BE in N; then ſince DF is to 
FN, as GF to FE, that is, as (23. 3. ) DC to 
CB; ICE BN, CF are parallel. 


COR, 


Fig. 15. 
* 2: 
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Con. Hence, of two ſtraight lines touch» 
ing an hyperbola, their ſegments between 
the aſymptotes, are cut proportionally, in 
the point O where the two ſtraight lines 
interſect each other; and allo in GY, * 


1 oak of contact. de es! 
5 1 5 : IS | 17 
f 5 Fa : 1 1 4 $$ ' 
"4, ets pn # a Fe '& 8” 48. 188 4 i So 
n or. XXV. Turok, 
w ; 15 0 9 An 404 2 


bn Arai nt fine — through 
the centre of an hyperbola, and 
paſſing within the angle form- 
ed by the aſymptotes, adjacent to 
that containing the liyperbola, 
is a right diameter. n 


Let chere be an d dete of which AC, | 
BC are its aſy mptotes, and draw any ſtraight 
line CE through the centre, and within 
the angle ACD, adjacent to the _ angle 
ACB; ; then is CE a right diameter. | 

In BC produced take any point D, and 
through D to CE draw a ſtraight line DF 

parallel 
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parallel to1theſaſpmptoce: CA; and having 
made DG equal to DC, join GFE, and let 
GF meet CA in H: Then, ſince GH meets 
theiſtraight lines CA, CD, which contain 
the angle adjacent to ACB, it muſt (20. 3.) 
meet the hyperbolas: Let it meet them 
in the points K, L; therefore KH, LG 
are equal (14. 3.): And becauſe CD, DG 
are equal, and CH, DF parallel, therefore 
HF, FG are equal; eonſequently the whole 
FK is equal to the whole FL; and there- 
fore CF is (4+ def. 3.) a right diameter. 


* . 


PE F. XI. [4 

A ftraight line drawn through the cen- 
tre of an hyperbola, biſected in the centre, 
and parallel to a ſtraight line which touch- 
es the hyperbola, and equal to its ſegment 
between the aſymptotes, is called the /econd 
diameter of the diameter drawn ea 
the Point of contact. 1 | 


Con. 


LA 11 9 n 
= — 5 IETTIES »> 
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Fig. 15. 


A. 2. 
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Con. 1. Hence every ſecond diameter is 
a right diameter: For it paſſes within the 
angle formed by the aſympiotes, adjacent to 
that containing the MH rc ( 3. cor. 18. 
3 3. Res the Araipht uss which 
join the vertices of a tranſverſe diameter, 
and of its ſecond E are parallel to 
the aſymptotes. 1p 

For let OCP be a ROSE diameter, 


aa Me its ſecond, and AOB 2 ſtraisht 


line touching the hyperbola in the vertex 
of the tranſverſe OCP; the ſtraight lines 


MO, NO are (33: 1. Elem, and 1 1. def. 3.) 


parallel to CB, CA. 
DEF. XII. 


A third proportional to two diameters, 
one of which. is a tranſverſe diameter, and 


the other its ſecond diameter. is. called the 
latus rectum, or the parameter of that dia- 


meter which is the firſt of the three pro- 


portionals. 


PROP, 
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PROP. XXVIIL Taxon. 


If from a point in an hyperbola 

4 to A tranſverſe diameter, a 
ſtraight line be drawn parallel 
to its ſecond diameter ; cke 
ſquare of the tranſverſe is to 
the ſquare of its ſecond diame- 

ter, as the rectangle contained 
by the ſegments of the tranſ- 
verſe between its vertices and 
the parallel, is to the ſquare of 
the parallel. 


Loet Aa be a tranſverſe diameter, Bb its 
ſecond diameter, and CG, CF the aſymp- 
totes; from a point D in the hyperbola 
to the tranſverſe Aa draw DE parallel to 
' Bb; the ſquare of Aa is to the ſquare of 
Bb, as the HORA AEa is to the ww 

of DE. 
Lt 
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Let DE meet the aſymptotes in F, G 

2 draw HAK touching the W in 
the vertex A; ; therefore, by def, 11. of this 
and, of conſequence, peel to EE 3; and, 
becauſe of. the equiangular trian gles, the 
ſquare of CE is to the ſquare of EE, as the 
ſquare of CA to the ſquare of AH, that is, 
as the ſame ſquare of CA to the (4, cor. 
23. 3* 9 rectangle FDG; the ſquare, of CA 
is, therefore (19. 5. Elem.), to the ſquare 
of AH, as the rectangle AEa to the ſquare 
of ED; and arne the e of Aa is to ; 


XX IS +6 


the fquare of ED. 


„ 


4 
2 o 
_ E 2.4 p 32 
5 


. 1. The ſquares of ſtraight lines 
drawn from points of an hyperbola, or of 
the oppoſite hyperbola, to a tranſverſe dia- 
meter, and parallel to its ſecond, are to one 
another as the rectangles contained by the 
| ſegments of the tranſverſe, intercepted be- 
tween its vertices and thoſe parallels ; as 
was ſhewn in the ellipſis (1. cor. 15. 2.). 
5 Con. 
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Con. 2. And on the contrary : If an Fig. ih 


hyperbola AM, having Aa for a tranſverſe . 
diameter, and Bb for its ſecond diameter; 
and if from a point D to the tranſverſe Aa 
A ſtraight line DE be drawn parallel to the 
ſecond, and meeting the tranſverſe produe- 
ed in Ez; and if the ſquare of CA be to 
the ſquare of CB, as the tectangle AEa to : 
the ſquare of ED; the point D is in the 
hyperbola. For fince DE is parallel to BC, 
and eonſequently to HK, which touches 
the hyperbola in the vertex of the tranſ- 
verſe diameter; DE will neceſſarily meet 
the aſymptotes (3. cor. 18. 3.), and of con- 
ſequence the hyperbola, becauſe the point 
E is in Aa produced: If, then, it does not 
meet the hyperbola in D, let it, if poſſible, 
meet it in another point d, on the. ſame 
ſide of Aa with the point D; therefore 
the rectangle AE is to the ſquare of dE, 
as the ſquare of CA to the ſquare of CB, 
that is, by hypotheſis, as the rectangle AEa 
to the ſquare of DE; therefore AE, DE 
are equal f Which is abſurd. Therefore 
E e DE 


©. 


\ 


#is CON SECTIONS." 


DE meets not the hypetbola in a, tor, a8 
is evident, in any' por . 920990 51 | 
Cox. 3. Subſtitute the word hyperbola in 
| place of ellipſi, and the third corollaty of 
prop. 15. B. 2. becomes alſo 4 Evtbllary. 


from this Propoſition. 


Lv IT, dere : 
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PROP. XXIX. n 


1 fonts a moint of an an „ 
a ſecond diameter, a ſtraight 
line be drawn parallel to its 
tranſverſe diameter; the ſquare | 
of the ſecond diameter, is to 
the ſquare of its tranſverſe, as 
the ſum of the ſquares of half 
the ſecond diameter, and the 
ſegment between the centre 
and the parallel, is to the ſquare 
of the «parallel... 


From 
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From D, a point of the byperbola, to 
| the ſecond diameter Bb, draw DL parallel 
2; the ſquare 
of 85 i is to the ſquare of Aa, as the ſum of 
the ſquares of CB, CL is to the We of 
DL. 
Through | the nobink D W DE a 
to BC; and ſince, by the preceding pro- 
poſition, the ſquare of CA is to the ſquare 
of CB, as the rectangle AEa to the ſquare 4 
of ED; therefore, inverſely, and by prop. 
12. 5. Elem. the ſquare of Cg is to the 
ſquare of CA, as the ſum of the ſquares of 
CB, ED to the ſquare of CA, together with 
the rectangle AEa, that is, as the ſum of 
the ce of CB, CL to hg ive of EC 


e. L043, 4 TR"? 


3, 3 If from two points of an hy- 
perbola, or of oppoſite hyperbolas, to a ſe - 
cond diameter, two ſtraight lines be drawn 
parallel to its tranſverſe diameter; the 
ſquare of the one parallel is to the ſquare. 
of the other, as the ſum of the ſquares of 
half the ſecand diameter and the diſtance 

between 
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between the firſt parallel and che centre, to 
the ſum of the ſquares of half the ſame ſe- 
cond diameter, and the e erke 
the other parallel and the centre, 
Cor. 2. And on the contrary: 1 from 
a point D to a ſecond diameter BC 5 an 
hyperbola, a ſtraight line DL be drawn 
parallel to its tranſverſe CA; and if the 


ſquare of Bb: have the ſame ratio to the 


ſquare: of Aa, that the ſum of the ſquares 
of CB, CL have to the ſquare of DL ; the 


point D is in the hyperbola. For ſince the 


ſtraight line DL is parallel to the tranſverſe 
diameter AC, which falls between the a- 
ſymptotes, it neceſſarily meets them oppo- 
fite to the angle adjacent to that containing 
the hyperbola, and, of conſequence, DL 
meets both the hyperbolas (20. 3.): And, 


in the ſame manner, as in cor. 2. 7. it may 


be proved, that it meets the hyperbola in 


cox. 3. The third corollary of the pre- 
ceding prop. mutatis ny,” is Uke wiſe 


a n, here - 
n anne 46. 74 


; > 4 7 * 4 s 
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Any fraight line terminated both 
7 Ways the. hypetbola, | or op- 


31 IJ {5 * * 


poſite hyperbolas, and parallel. 
either to a tranſverſe, or its ſe- 
cond - diametet; is biſected by 
the other ;'or, what i 1s the ſame 


14 Ad 10 91 3 
as ene dae 


4 d its ſecond, are, -CONJUBALGn 


0 1 1 ; 4 : . * 
11 „ abi 1A NJ. 177 47 


aH? Unt vhs a0 165 en 
2 Geda is evident, that two diameter 
eitihovbe conjugated: to the ſame diame- 
ter, whether it be a tranſverſe Or a bn 
diameter. 410 or bn tung. Ne we 

od & S N has bsc 94 
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Any ſtraight line rertainatey both. 


FE; TO 


ways . an hyperbola, and bi- 
44 81 ſected 


WEnn, . 1 = 


WY 
WW,” 


- a 4 La 


by et lt nt} 


_ NEST E by IR 
\ — = = \ \ = 7. 


Fig. 17. 
n. 2. 
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ſeed either by a tranſverſe, or 
its ſecond diameter, is parallel 
to the other: And therefore 
ſtraight lines ordinately applied 
to either of theſe diameters are 
2 n © Ln other. | 


. 7. Sh 3 PRs 1 
either to a tranſyerſe, or its ſecond diame- 
ter, and which cut off equal ſegments of 
the other, between the points where they 
meet it and the centre, are equal. And e- 
qual ſtraight lines if parallel to either dia- 
meter, cut off equal ſegments of the other 
diameter between the centre and the 
points where they meet it, 

«Theſe two propoſitions, | and this firſt 
corollary, are demonſtrated from the 28th 
and 29th propoſitions, in the ſame manner 
in which the gth and 10th propoſitions - 
were demonſtrated from the 7th and 8h. 

Con. 2. If ſeveral parallels are termi- 


nared both ways by an hyperbola, or hy- 


rend the * Which biſeQs the 
one 


* d 
< 7 * . 
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one biſects the reſt of them. For that pa- 
rallel which is biſected, is parallel to the 

conjugate diameter of that which biſects 
it; the reſt, therefore, are parallel to the 
ſame conjugate diameter, and conſequent= 
ly are biſected by the other diameter (30. 
3) 

Cok. 3. On the contrary; A ſtraighr 
line which biſe&s two parallels terminated 
both ways by an hyperbola, or oppoſite 
| hyperbolas, is a diameter. For if not, 
draw a diameter biſecting one of the pa- 
rallels; this diameter will biſect the other; 
but, by hypotheſis, there is alſo another 
ſtraight line which biſects both; which is 
abſurd. 

Cok. 4. If a ſtraight line tonch an 175 
perbola, that ſtraight line drawn through 


the point of contact, which biſects any 


ſtraight line parallel to the tangent, and 
terminated both ways by the hyperbola, is 
a diameter. For a parallel to the tangent 
is (11. def. 3.) parallel to the conjugate 
diameter to that which paſſes through the 


point of contact: Now, if the ſtraight 
line 


* 
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line drawn through the point of contact, 
and which biſects the parallel to the tan- 
gent be not a diameter, draw a diameter 
through the point of contact; and this 
diameter will alſo (30. 3.) biſect the paral- 
lel to the tangent, or to the conjugate dia- 
meter: Which is abſude. 
Cor. 5. Two ſtraight lines termitiated 
both ways by an hyperbola, or by oppo- 
ſite hyperbolas, and not paſhng through 
the centre, do not biſect each other, For 
if they are both terminated by the ſame 
hyperbola, or by oppoſite hyperbolas, 
draw a diameter through the point where 
they interſe& each other; and then by the 
propoſition, they will be both parallel to 
the conjugate to this diameter; which is 


abſurd. If indeed one of them be termi - 


nated by the hyperbola, and the other 
drawn between the oppoſite hyperbolas, it 
is evident that they cannot bile each o- 
ther. 
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A ragt line A through the 

_ vertex. of a tranfyerſe. diameter, 
and which is parallel to a ſtraight 

line ordinately applied to that 
diameter, touches the hyperbo- 


* aa th it touch the e 


* ordinately applied to 2.5 = 


| verſe. diameter rer pi Shroysh : | 


de point. of een 


of 5 % >. 74 * 
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12 GE be an Thee the” "aſymp= 


toted of chlclt art CF, ; let A be a 


tranbrerfe (diameter; 1 and: htoighithsver- 
tex A draw-HAK- paralleb to: DM ordinate- 
ly applied to Aa the ſtraigt nn 

touches the hyperbola, alba ©2. tr! 
For the ſtraight line DM ordinately ap- 
plied 1 to the tranſverſe dim neter Aa is 13 [+ 
3: ) parallel to its ſecond, or conjugate dia- 
1 meter; 


Fig. 19. 
N. 


Is 


o 
_— 
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meter; : therefore HAK, drawn through 
the vertex A of A. is parallel to the ſame 
conjugate, or ſecond diameter; and there- 


fore it touches the hyperbola (13. def, 3. N: 


And, converſely: If HK touch the hy- 


perbola, it is parallel: te the fend Eiame- = 


ter (it. def. 3.) af CA: But the 6rdivate 
DM j is parallel to the. ſame-( 31. 3.) ; there- 


| fore. HE, DM are Ya | to each orher: 


* 4 +- 6 CO 


„ * 1 1 5 
4 RR 7 » C3 #4 +4 +8 
* Iv 4 = 3 «wh 4 * — * x b * * 4 : ** * 2 1 4 » E * * f 


5 * * OV. warb Tutox | 


- + Ri fe cc Vat NF. 12 


ry Araight He that TR WR an 


' hyperbotz meet a diameter, and 
"F there be drawn from the 


Inne 27 


oint of contact a ſtraight line 


P | 9." op" 


ordiinately applied to that dia- 


meter; the ſemidiameter is a 


5 ng proportional between its 


; We on intercepted, the one 
el the centre and the or- 


tether 46 brood) 21 ee, 
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dinate, and the dther betw! 


ait bi 


h centre an a) nd. che tangent, 


8 8 1 +> 
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cat 1; When, the tangent meets. ingoſ- 
verſe dia , e of wn wats, s Adio 
bet — be an I its aſympy 
totes AG, AH, and let the ſtraight line 
| KC touch the hyperbola in the point. Q, 
and meet a tranſverſe diameter BAO in E; 
and draw CD: from the point of contact C, 
ſo as to be ordinately applied to BAO; 
then AD, AB, AE are proportionals. 
Through the vertex B let GBF be drawn 
parallel to CD, and let it meet the tangent 
drawn through C in the point N, and let 
BM drawn parallel to HC meet AG i in M; 
1 and let DG meet AH in L, and join KF, 
GH: Then, becauſe GBP, drawn through 
the vertex of the diameter, is parallel to 
the ordinate DC, it (32. 3.) touches the 
hyperbola And ſince the tangents HK, 
GF are cut proportionally in the points C, 
B, and N (ror. 26, 3.); therefore CN. is to 


NH, as BN to NG; and becauſe of the 
parallels, 


GY 


Fig. 18, 
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2 


parallels, 0 LF. 18. 40. FH, as, ME, to KG; 7 
and ſince KF, GH are (26, 3. parallel, 


2 * 


FH is to FA, as KG to KA; therefore, 
ex acquo, LF is to FA, as MK to KA: 


And, by cotpofition, LA is to FA, as. MA 


to KA; therefore (becauſe of the parallels) 


vba ite Ba. as BA to EA. 


Fig. 19 


"Caſe 2. When the tavgent, meets a, e- 


cond diameter. ES ets Fn n. 


Let the ftraight line CE trol the hots 
Pabel and meet the ſecond diameter AB 
in E, and alſo its tranſverſe,” or conjugate. 


| diameter KAF in G, and CD, CH being 5 


drawn from the point of contact C. ſo as 
to be ordinately applied to the conjugate | 
diameters ; ; ren, AD, AB, AE are propor- 
tionals. 8 | 
For by the preceding caſe, AH, AF, AG 
are proportionals : therefore the ſquare of 
AH is to the ſquare of AF (2+ cor. 20. 6. 


Elem.) as AH is to AG; and, by diviſion, 


(and 5. 2. Elem.) the e KH is to 


the ſquare of AF, as HG to GA: But ſince 


CH is ordinately applied to AE, the rect- 
angle KHF 1 is to the ſquare of AF, as the 
(quare 


7 


; = - 4 
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ſquare. of. CH, or AD t to, the ſquare of AB; F 
therefore (ex acquali) the ſquare « of AD 1 is 
to the ſquare of AB, as HG to GA, that is, 
as CH, or AD to AE; and therefore (conv. 
2. hires 20. 6. em AD, AB, AE are 
proponionala | 


PE | 


9 18 J. Since in the Aſk caſe, werk the Fig. 16. 


tangent and ordinate meet the tranſverſe 
diameter, AD, AB, AE are proportionals; ; 
DO'; is to DB, as EO to EB, that is, the 
ſegments (of the diameter) between its ver- 


E 


tices and the ordinate are to each other as | 
the ſegments of the ſame between the tan- 
gent and the ſame vertices. The demon- 
ſtration is ſimilar to that given in the 1e 
cond part of prop. 17. B. 2. 
Cok. 2. In the ſecond caſe, when 1 
ordinate drawn from the point of contact 
paſſes through the extremity of the ſecond 
diameter, the tangent paſſes through the | 
other extremity of the ſame diameter. For 
ſince the diſtance between the ordinate and | 
the centre is equal to the half of the ſe- 
cond diameter, therefore the diftance be- 
15 between 


is coe SECTIONS; 


betweeh ihe tangent and che centre "molt 
be equal to the ame ſemidiameter, wh 


Fig: 18. If from a point Cin an hyperb 
* l ſtraight line CD be ordinately 
applied to the diameter AB, 
and a ſtraight line CE be drawn 
from the ſame point; if the 
ſemidiameter be a mean pro- 
1 portional between the abſciſſas 
of AB, which are cut off to- 
wards the centre by theſe 
ſtraight lines; the ſtraight line 
CE touches the hyperbola. vo 


oy * oy 
„ 5 h 


For if CE does not touch tlie hyperbola 
let CP touch it; therefore, by the preced- 
ing propoſition, AD, AB, AP are propor- 
tionals : : But, by the TE AD, AB, 
AE 
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E are proportionals ; Which is, abſurd ; 
CE, therefore, Kyo the ; byperbola, 7 


111 ; 3-0 


„ 
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If a Kreiglt line touching an by- 
Feral meet A tranſverſe dia- | 
meter, there being drawn from 
the point of contact a firaight 
ne ordinately applied ito. the 
ſame diameter; the rectangle 
contained by the ſegments of 

the diameter intercepted be- 
tween the ordinate and the 
centre, and between the ordi- 
nate and the tangent, is. equal 
50 the rectangle contained by 
the ſegments between the ordi- 
: nate and the vertices of the dia- 
meter: And the rectangle con- 
i tained by the ſegments between 
the 


4 2 cant 1040 rr centre, „ 
between the tangent and the 
ordinate, is equal to the rect- 


9 s 


. an * contained * che 9 


$ © 4 + + 


Se 5 meet a 8900 . 
mme meter, there being d drawn from 
dhe point of contact a a Araight 
"fine ordinately applied t to that 


ee, 
21 4180 * 


ſecond meter the "rectangle 
"2 contained by. the ſegments: be- 


3984190 


ee the ordinate and, the 


EEE, and between the ordi- 
9d, DA 34354 


te ad the tangent, i is equal 


' — 9 9 1 / 
"to the fum of the Tquares, of the 
Idee AQ fig, 1 
' "Temiciaimeter ahl of theſ ſegment 


iet cel the ordin nate an 1 .the 
ie Hite? An id the 1 rectangle. con- 


x Foy. oa 15 1.4 BHR 23 490190 1 

nqiged by the ſcg gments between 
Komo! 5 * 5 417 

ei tarigent and and the centre, and 


[4 between 


| 1 
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between the tangent and the 
ordinate, is equal to the ſum 
of the ſquares of the ſemidia- 


meter and of the ſegments be- 
tween the tangent and the cen- 


er 
MM 


Caſe 11” Let the firaight line which 
touches the hyperbola i in C, meet the tranſ- 
verſe diameter BAO in the point E, and 
Jet an ordinate drawn through the point of 
contact to the ſame di ameter meet it in D; 
then the rectangle ADE is equal to the 
rectangle 2D and the . _ AED to 
BEO. 

% For * AD, AB, AE ave e proportion- 
als, the reQangle DAE is equal to the 


ſquare of AB; and theſe equals being t ta- 


Fig. 18. | 


ken from the ſquare of AD,. the. remaining 


reQangle' ADE is equal to the remaining, 
rectangle BDO (2. and 6. 2. Elem. ). Next, 
from the ſame equals, viz. the rectangle 
DAE and the fquare of AB, take away 

| G 8 the 
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= FM __— Ia er . 4 _ — os 


, TÄ 


N . Co wr A ES... ——_— 7 yp. ad Oe. if po IRE ee 
—_ * nt 1 « 1 8 . » LACS FY g * —— 8 
1 r — — an — —— * e OREN 
— oy EI of 7 — = ip. ——_ —_ = - 
— 


— 234 CONIC SECT I ONS. 


Fig. 18. 


is equal to the remaining rectangle BEO. 


Caſe 2. Let the tangent and ordinate _ 


drawn to the point C, meet the ſecond dia- 


meter in the points E, D: Then becauſe 


js of AB, add to each of theſe equals the 


ſquare of AD, and the rectangle ADE will 


be equal to (3. 2. Elem.) the ſum of the 
ſquares of AB, AD. Next, if to the ſame 


equals, to wit, the rectangle EAD and the 
ſquare of AB, the ſquare of AE be added; 
the rectangle AED will be equal to the 


ſum of the ſquares of AB, AE, 


p R 0 P. XXXVI. Tarox. 


2 8 


the common ſquare (3. and 5. 2. Elem.) 
of AE, and the remaining rectangle AED 


the rectangle EAD is equal to the ſquare 


If a firaight line touch an hyper- 
bola, it biſects the angle contain- 
ed by the ſtraight lines drawn 
from the foci to the point of 
contact. And, on the contra- 
ry ; 
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ry: If a ſtraight line biſect the 


angle contained by two ſtraight 
lines drawn from a point of an 
hyperbola to the foci, it touches 
the hyperbola. 


Let there be an hyperbola, its tranſverſe 
axis AB, and the centre the point C, and 


Jet a ſtraight line DE touch it, and meet 


the tranſverſe axis in E, draw the ſtraight 
lines DF, DG from the point of contact D 


to the foci ; the ages FDE, GDE are e- 
qual. 


From the point D draw DH perpendi 


cular to the axis, and from the point A, 


which is the nearer to D of its vertices, 
place, in the axis produced, a ſtraight line 


AK equal to DF, and KB will (1. 3.) be 
caual to DG; and, by the fifth propoſition 
of this book, CK is to CH, as CF to CA; 
But as CH to CA, ſo (33. 3.) is CA to CE; 
therefore, ex acqual:, as CK to CA ſo is CE 


Fig. 20, 


to CE; and, by converſion, as CK is to 


| KA, 905 is CF to FE; and by doubling the 


ante- 
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antecedents, twite CK is to KA, as FG to 
Fk. Therefore, by diviſion, BK it te KA, 
as GE to FE; and BK, KA are equal to 
DG, DE; therefare as DG to DF, fo is GE 
to EF; a0 therefore 13. 6. Fleet 

Rraight line DE biſects the angle FDG, 

If, on the contrary, a ſtraight line DE 
biſects the angle FDG. it touches the hy- 


-  , þerbols : For if not, let anbther Rraight 


line touch the hyperbola in the point D; 
this other ſtraight line will biſect the an- 
gle FDG, which, by the hypotheſis, is 
biſected by DE; which is abſurd. The 
demonſtration here might have been ſimi- 
lar to the ſecond demontttaten in Ps 
ri. B. 2. EW 


* 
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Fig 21. Two Araight mne: AB, 0 which 


biſect each other at right angles 
in the point E, being given in 


N poſition and magnitude; to de- 
ſcribe 
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*-Keribs the oppoſite hyperbolas 
"= which they 1 may be the axes, 
and fo. that either of them, as 


"AB, may ** the cranſverſe axis. 


7 * 7 426 101 = 


"= 74 bt 
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by a difference equal to AB, deſcribe with 


the foci F, G two oppoſite hyperbolas; G 


theſe will paſs. through the points A, B, 

and CD will be their ſecont! axis. 
For if the hyperbola paſſes not through 

A, let it paſs, if poſſible, through H; the 


exceſs, therefore, of HG above HF is e- 


qual to the exceſs of the length of the ru- 
ler above that ef the ſtring, that is, by 
conſtruction, to the ſtraight line AB: But 
ſince BG is equal to AF, the exceſs of AG 
above AF is equal to the ſame AB; which 
is abſurd : The hyperbola, therefore , paſſes 


N A: And in like manner, it may 


5 be 


Join A, 1808 heipoint E dude 6 ry 
AB eee e ſtraighto lines KF, EG, 
each of them equal to A j- then; by 
means of a ſtring and of a ruler, the 
length of which exceeds that of the ſtring 


11 
33 


Fig · * 


8 
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be 8 chat it paſſes through! B. Again, 


C, D are the extremities of the ſecond | 


axis: For if C be not one of its extremi- 


ties, let the point K, on the ſame fide of 
the centre on which C is, be one of them; 
therefore KA being joined will be equal 
(6. def. 3.) to EF; and, by conſtruction, 
CA is equal, to the ſame EF; therefore 


. is ne to CA: Which i is abſurd. 
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If upon t two. o, firaight. lines Aa, Bü, which 
biſect each other at right angles, two op- 
polite hyperbolas AG, ag be: deſcribed, 
and upon the ſame ſtraight lines other 
two oppoſite hyperbolas BK, & be deſcrib- 


ed, ſo that. Bö, the tranſverſe axis of the 
latter hyperbolas, may be the ſecond axis 


of the former, and that Aa, the ſecond 
axis of the latter, may be the tranſverſe 
axis of the former; theſe four are called 
conjugate. hngyrboloss e ee 


r 4 $ * - EH 7 
? 437 £7 174 . 
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THE "ay ER hyperbolas have 


of Nen, ka rate 
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Let, there be [conjugate de the Fig. 22. 


axes of which are Aa, Bb, and let the 
ſtraight lines CD, CE be the aſymptotes of 
two oppoſite hyperbolas, the tranſverſe 
axis of which is Aa; the ſame ſtraight 
lines are the aſymptotes of the two other 
oppoſite hyperbolas, the tranſverſe axis s of 
3 is BG. ee Ic 


Through the vertex A draw vaw paral- 
lel to BC, and join DB, and produce it to 
E; therefore, by the toth definition of 


this book, BC is equal and parallel to AD 


or AE; BD is therefore equal and parallel | 


to CA: And (becauſe the triangles FBC, 


CAE are equal and equiangular, BF is e- 
qual to CA, that is, to BD; therefore CD, 


9 are As def.) 3 of the 9 0 
bola, 


31 bo) 5 8 8 
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PROM XXXIX. 2h cis 


9748. #5 2 gnwd DIFH og 
Fig. 22. I from a PET in one of:ithe 


”" conjugate hyperbolas, a eh 
line GH be drawn parallel- 
EC, one of the aſymptotes, 4 


9 meeting the other in H; and 


; 
421 


5 4 


from the point K in the®adja- 
cent hyperbola, ” a RrraigHt' ine 
> Che be drawn parallel to either 


Vt 41 * ? 


aſymptote, and meeting the xe- 


maining one in L: The rect - 


angles GHC, KL. C contained 
by t the parallels, and the abſciſſas 
* the aſymptotes between the 
e and the centre, are e- 
al. On the contrary;: ; I 
* — G be in one of the 


con- 
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| conjugate hyperbolas, and che 
point K within the angle con- | 
tained by the aſymptotes, of the 

. adjacent hyperbola, the rectan· 7 


dime equal to the rectangle 
iC; the point K is in the 
adjacent hyperbola. n 


; * 
# 5 ff. © 
4 * „ « 


e conjugate hy- 
perbolas ; join AB, and let it meet the a- 


ſymptote M in M. and draw AD parallel 
to CB: Then, ſince BC, AD are equal and 


parallel, the triangles CBM, ADM are fi- 


milar and equal; and conſequently AM, 


MB are equal: The reclangles AMC, BMS 


are therefore equal, and AB is parallel to 


the (2. cor. def. 10 3.) aſymptote EC 3 


Therefore the rectangles GHC, KLC are 
equal to the reQangles AMC, BMC. 1. cor. 
16. 3.); and what: N are Geo) 


| to each other. Fe SITES S111 


1 


the ſame Neeber 4 


. * 
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On the contraryudf G be a poin in one 


of the con] ugate dende a eben. 
K be within the angle DCF, 9 0 he fect · 
angle KLC equal to the rec "GHG, 
the conſtruction i in other eee ſtil re- : 
maining ; the point K is in. N Adjacent 
hyperbola : : For ſince the-r eRar — 
is equal to GHC, that i 1 10 AMC, 
to MC, and that B is in the adjacent. hy 
perbola ; ; the point Ki is (A. cor. cor e 0 


, tonmtor qo1q 911) y 


AT sl. 5015 
cox. 1. If a ſtraight line DE, inter 


cepted between an hyperbola and one of 
the adjacent hyperbolas, is hiſected by one S 


of the aſymptotes, it is parallel to the o- 
ther: For let DE meet the aſym tote CG 


in L, and to the other aſyinptote draw 


f * ER parallel to CG ; then, ſince DL, 


LE'are equal; and that DTI, LC, EK are 

parallel, HC, CK are equal; and by the 
propoſition, the rectangles DHC, EKC are 
equal ; DH, EK are therefore equal, and 


84 5 


they are parallel; therefore DE, KH are 


parallel. | 


COR, 


Book . Part 


cn . Aut ir Dx tbe parallel fe che 
pte KH: DL LE are equal: For 
by? the propoits, | the reckangles 1 vic 
EB ar” > 

Ci. 8 4 ir DE be af to We 
Alymptdte HK,” ne DE, LE being equal, 
add kePpoitir D be in one of the hy perbo- 
las; the point E is in the adjacent hyper- 
bela Por ſinde DL, EE are equal, the 
reckangles DLC. ELC are equal ; therefore, 
by the propoſition, E i is.in the adjacent 55 


perbola BE. 5 | 
791019 50! eee, oo 000 
10 200. bas E 100 1799 1918 N 28490, ! > 


PROP. XL.” (Pr. 29. B. 3. Ws j 
ch 0; [ofl:TrBQ. 21. fc of1 


3+ 


1. a flraiglt | line touch, one, of 


7&1D 5Jt 


b their centre two ftraight 


lines be drawn, the one meet“ 


* tin 


5 the hyperbola 3 in the point 


1 ad ch, 


"of contact, and the other paral- 
lel to the tangent, and meet- 


| ing 


F Lg 
'% . . . Pro * * * 1 - 
8 ; : B — 4 2 , q 
Y E A. 3 


four conjugate hyperbolasy and 


[om 


Vu 


= ö af i = OY 5 wi = | = Gy V 
«LF l * . \ i 9 9 Ty = 
= 


18 


| 8 


ae of ares dg. 
boelas; this" other Rratght" Ha 


Tas . tang yt 


| drawn parallel to the tan STIR 
(LIB the half af, 1 ſecond. diane 
ter conjugate to the * 
| * Hiammerop drawn iy through : the 
0 on tier HUE ah en on — 
; If half a boid d 


5 Mer 1 * e Is 
the tranſverſe diameter paſſing 
1 the point of contact, 


| "_ extremity is in the agpsgent 


A olg. 61251 303 11494 


TOI919017: 1s«p3 9186 ,h3v019 
18 Aug 216 HU:;A.4 3 
1 005 os be conjugate: hyperbolzs;1he 
aſy mpiates of _ which are G, EF, r 
ME, couch one of the hyperbolas in- D 
join CD, and draw CE parallel to ME, = 
meeting the hyperbola adjacent to that in 
Which D is, in the point £3; then is CE 
11 at diameter, ds 10 CD, 
n - 2 Hi ils Hograay | Through 


43 3.43 £5 5 
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-\Thrayghi: Abe; points Dy, Ee dran, be 
Airaight, lings.DH, EK. parallel. to, the a- 
ſy Imptoie Told, and. meeting: the other a- 
ſymptöte in H, K Then; ſince the firaighe 
line Mb tbäöches the hyperbola in D, MD, 
Dad equal p therefore H, HE are e- 


E ding propoſition, to the rectangle 


And becauſe the triangles FKC, 


DHP are equiangular, EK is to DH, as 


the rectangle DH is e- 
25 19 de ręctangle DHC, that 1 18, by the 


KO to HE; therefore (22. 6. Elem-) the 


ſqugre of EK is to the ſquare of DH, as 
the,reQangle EK C to the rectangle DHF : 
But the rectangles EK C, DHF, as has been 
proved, are equal; therefore the ſquares 


of EK, DH are equal; and therefore EK, 


DH are likewiſe equal; conſequently EC, 


DF are (26. 1. Elem.) equal, and they are 
Parallel; therefore CE is half (11. def. 30 
0 ay ſecond diameter conjugate to CD, 


On the contrary: The ſame 3 


tion remaining, if CE be half the ſecond 


diameter conjugate to CD, its extremity 5 


L in the hypetponn adjacent to- that 
where 


Fig. 2 3. 
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where he point D is : For ME 6 6quallang” 
(11. def. g.) patallel to D, and EK ig pu- 
rallel to DH therefore the triangles EKG, 
DHE are (26. 1. *Elemi;Þ equal; cbH⏑ꝛü 
quently KC, is equal to HR o HY A¹H,ꝭ 
EK to DH: And for this reaſon, the rect? 
angle EK C is equal to the rectangle -DHC, 
and the point D is in the hyperbolz; and 
the point E is within che angle adjacent td 
that containing this hyperbola; therefore 
the point E is in the adjacetit Hypetbola = 
by tes of the' preceding. J 2203qnryts 10 
On (Loop oo 00 391 Om 
If eh be half à trühfrerfe did. 
weter, and CE half the ſecond diameter 
conjugate to CD in the hyperbola AU; 
on the contrary, CE is à tranſverſe, And ©: 
a ſecond diameter conjugate to CE 10 the s 
adjacent hyperbola BE. oats 
Join DE and ME, and let ME meet the 
| * afymptote CF in P: Then, fince 
DE i is (2. cor. def. 11. 3), parallel to CF, 
and that MF. is biſected in D, therefore 
by MP is iſected i in E, and the. point E i is in 
due adjacent byperbola; therefore "MP 


2 of touches 
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roughes chat, typerbblaz; And GDs eau? 
and parallel ta ME f for CEN MD are ig 
qua}and, parallel. therefore CD is! the ſe- 
cond diameter conſugate to tue tranſverſe 
diameten CH in! the ( def. Y hyperbola 
BL... ot Hl 7 ardp 1% Arn 14e A 
Los. 2 The fame conſtruction fili rea 
maining. the ſtraight line Which Joins the 
centre. C band ihe point of concourſe M 
of, the. tangents, DM, FM, drawn through 
the, yertices of the conjugate diameters, is 
an aſymptote: For if CM be not an as) 
ſymptote, let C. meeting DM in Q, be 
0ng43 Gk, ih refore, is equal ts D But 
the, ſame (CE. is equal to DM becauſe 
DMEC is a (11. def.) parallelogram; 3 D. 
and DM are "therefore e 1 am! is 


i” , T9 63 nuf 1015 melts bd s 
| 5 - 44) a 3 9 A Ee 
135 * * 0 * XLII. Turok. 
18 4 Tk 1 g ＋ 


If froth the extremity of © a oak 


rn bas 


DE, of an _hyperbola,,. EY 


e 


Kracht line be drawn ee : 


40 to 


n 
99 


2 CON Ie SECTIONS, © 
to any tranſverſe diameter, and 
meeting the ſecond diameter 
conjugate to this tranſverſe ; 
the ſquare of the parallel, is tO 
the rectangle contained by the 
ſegments of the ſecond diame- 
ter intercepted between the pa- 
rallel and its vertices, as the 
ſquare of the tranſverſe, is to 
the ſquare of the ſecond dia- 
meter conjugate to it: And if 
from the extremity of a ſecond 

diameter a ſtraight line be drawn 
parallel to any other ſecond 
diameter, and meeting the 
tranſverſe diameter conjugate | 
to this other ſecond diameter; 
the ſquare of the parallel, 18 to 
the ſum of the ſquares of half 
the tranſverſe. diameter and its 
ſegment 


| 
' 
| 
[ 
| 
| 


1 ſl = 
1 = Fil = þ = _ N 

* n 99 8 þ X : 

o 4 K N 1 ' | 

1 CL I A = 

_ . — 
N 0 = - K 1 % [9 
N ſt 1 ll 8 a ; | 
l = A | | : 
= bl - P 5 
e Fi ? 
I 
E 9 * f | 
; — | | N — — 
* =. £ 2 
9 oz pa — 9 8 i ET? ; a 
© 
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D 
- 
* 
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« 
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ͤ— 
” 
* 
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* 
= 7 
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Z 
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U 
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i 
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> 
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* 
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+ 
w_; N q 
4 8 dy - 0 7 5 
= 0 Fake © \ 
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: ſegment intercepted between 
the centre and the parallel, as 
the ſquare of chat other ſecond 
diameter, is to the ſquare of 

the tranſverſe conjugate to it. 


In the firſt caſe, let there be an hyper- 


| bola, the tranſverſe diameter of which is 
DC4, and let KCk be the ſecond diameter 


conjugate to DCd, and let CB be any o- 
ther ſecond diameter, and from its extre- 
mity B draw a ſtraight line parallel to the 
tranſverſe CD, and meeting in. L the ſe- 
cond diameter conjugate to CD; the ſquare 
of BL is to the rectangle KLE, as tlie 


ſquare of Dd to the ſquare of Kk. 


For the points B, K, &, which are the 


extremities or vertices of the ſecond dia- 
meters, are in the adjacent hyperbolas, of 


which the tranſverſe diameter K“ is con- 


jugate to the ſecond (1. cor. 40. 3.) Dd; 


therefore the ſquare. of BL is to the rect- 


angle KL# as the an of Dd to the 


ſquare of K (28. 3.) 


= 


TE Tm. The 


Fig. 24. 


ne b —  —— —  — 
9 5 N 1 


236 co 10 8E GT Fo NMB. 


-!"The ſecond Use ie embedded hs 
very lame manner from we? ads a prop. of 


| this book, -. «3000 2141 10 els 


Cor, Hons, if Com any; point A of an 
hyperbola AD, a firaight line AM be 
drawn ordinately applied to the [Fight 0 ia- 

meter Kt, and from B, an extremity of 
any ſecond diameter CB' to the Tie Kl, 

a ſtraight line BL be drawn patallel to AM; 
the ſquare of BL, is to the ſquare AM] as 
the rectangle KLE. is to the ſum of the 
ſquares of the ſemidia meter KC. and the ſeg- 
ment CM between the centre and the or- 
dir nate. This is evident from the propo 
tion, and from the 29th of this <6 a0 
But if from any point A ef an hyperba- 
la AD, a ſtraight line AE be drawn, ordi- 
nately applied to the tranſverſe diameter Da, 
and from the extremity B of the ſecond dia- 
meter to the ſame Dy, a ſtraight line BF be 
drawn parallel to AE; ; the ſquare of BF is 
to the ſquare of AE, as the ſum of the 
= ſquares of the ſemidiameter CD, and the 
- ſegment CF, between the centre and "BF, 

| "bs 
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is to the; reQangle: DE.) This is, demon» 
ſtrated, from the piopoſition, 2 DAR a | 
adh of this book. | 1 


16 e Kon xn. uses. 
' ad MA Saif nisi 190-7 1 


1 12 Jy 771 531 
4 Fön the extremity B of a OOTY 
F 134 


iameter CB, a ſtraight line BF 
1 drawn parallel to straight 
nes ordinately applied to any 
, e Da, ad BH he n, 


Arhic hich.js „ to CB, and 
| meeting the diameter Da in H; 
the ſemidiameter CD is a mean 


nor, between N 25 
CH. 


4 * * - E 
1 3 
* 


"Yor the extremity B of the ſecond dia- 
meter is in the adjacent hyperbola, and CA : 
is a (1. cor, 40. 3.) ſecond diameter of that 

adjacent hyperbola ; - therefore BH touches 
the 


25 CONIC/SECTTONS:. / 


the ſame (11: def.);1a0d1therefore CF, CD, 
CH are (33. 3) ee r 16 


5 The 34th 8 . hany 
true when accommodated to this caſe.” 


4 a 
1 an 


1 
5 - L 
ISD Dif t. 


PROP. XIII. Tuner, f 
If Gr the extremities of two con- 
Ch jugate diameters of an hyperbo- 
la, ſtraight lines be drawn ordi- 
nately applied to any third tranſ- 7 
| 'verſe diameter; the ſquare of 
the ſegment of the third diame- 
Err, intercepted between the 
centre and the ordinate drawn 
from the extremity of the tranſ- 
Vverſe diameter, is equal to the 
A pps of the ſegment , of the 
ſame third diameter between the 


81 centre and the ordinate drawn 
; from 
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from the extremity of the other 


of the conjugate diameters,” to- 


gether with the ſquare of half 
the th ürd diameter. 8 But the 
ſquare of the ſegment of. the 
third diameter, intercepted be- 
tween the centre and the ordiz 
- nate drawn from the extremity 


of the Tfecs; nd diameter, 18 equal 


2 to the rectangle contained by 
5 the ſegments of the ſame third. 
diameter, between the ordinate 
drawn from the extremity of 


the other of the conjugate dia- 


meters, and the vertices of this 
third diameter. | 1 


| Let there be oppoſite hyperbolas, in 
which CA is the half of a tranſverſe dia- 
meter, and let CB be the ſecond diameter 


| 8 1 to CA, ng let Dd be any other 
tranſ- 


Fig. 24. 
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tranſverſe diameter, and from the extre · 

mities A, B draw AE, BF ordinately ap- 
plied to Dd; the ſquare of EC is equal to 
the ſquare of FC together with the ſquare 
of CD: And the ſquare of FC is equal to 

the rectangle D. 
To the diameter Dd draw AG parallel 
to BG, and BH parallel to AC; therefore, 

becauſe of the parallels, the triangles GAG, 
HO are equiangular; and ſince AE, BF 
(31, 3.) ate parallel, CAE, HBF are alſo 
equiangular; conſequentiy CE is to HF, 
as OA to BH, that is, as GG to CH! And 
ſinoe CD is a mean proportional both be- 
tween CE and CG, and between CF and 
CH (33. and 42. 3.), CF is to CE, as CG 
to CH; and therefore CF is to OE, as CE 
to HF; conſequently the ſquare of Ck is 
equal to the rectangle CFH: But the ret< 
angle CFH (cor. 42. 3.) is equal to the 
ſum of the ſquares of CF, CD; conſequent- 
ly the ſquare of CE is equal to the ſum of 
the ſame ſquares of CF, CD: Take the 
ſquare of of CD 4 each of theſe equals, 
| 8 And 


\ 
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aud there will remain the en 


e —_— _ - CF. 7 tl eum 

Cans, Hence, A Carntdinrtionbe: cb. to 
which the ordinates are drawn, is to the 
conjugate ſemidiameter CK, as the diſtance 
between the one ordinate and the centre is 
to the remaining ordinate. For the ſquare 


of OD is to the ſquare of CK, as the rect 


angle DE is to the ſquare of EA, that is, 
according to the propoſition, as the ſquare 
of CF is to the ſquare of EA; and there- 
fore CD is to CK, as CF to EA, Again, 


becauſe the ſquare of CD is to the ſquare 


of CK, as the ſum of the ſquares of CF, 


CD to the ſquare of BF (41. 3.1), that is} 


by the propoſition, as the ſquare of CE to 


the ſquare of BF; therefore ns is to *. 


as s CE. to 1 4 


9 R 0 175 XIIV. Turon. 


The exceſs of the war of any 
| conjugate ſemidiameters is e- 


29 5 


ONO SEOGTTON * 


ute qual to the excels of the ſquates 


PE Mat the halve; 185 theax es, if the 


1.5061 10 mol 504 a9 
. conjugate diameter J * 5 
Andi if any one diameter be | 
diameter is alſo equal 10 Its 
N ct onjugate 3 1 and "it 7 this e ale, 


| was the, angle contained by t the a. 5 


ws Df 8 
wb js m tareg þ is a en angle, 
2 os #3 hat "2 BY be 218i 

pig 1 | Let CA, CB be Cone ſemidiameters, 

| dna CD, CK the halves of the axes, and from 
A, B draw the ſtraight lines AE, AM and. 

BF, BL. ordinates to the axes. Then the 
exceſs of the ſquares of CA, CBB is qual 
0 che exceſs, by which the ſum of tbe 

ſquates of CE, EA differs from the ſum of 

the ſquares of CL, LB: But, by the pre- 
ceding, the ſquare of CE is equal to the 
ſum of the ſquares of CF, CD; and by, the 
fame propoſition, the ſquare of CL is equal 
to the ſum of the ſquares of CM. CK; 

therefore the exceſs of tho, prog of C, 

CB 
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CB is equal tothe excels by which the ſum 
of the three ſquares, of CF, CD, EA differs 
from the ſum of the three ſquares of CM, 
: CK, LB; and the ſquares of CE, LB are 
equal; as alſo the ſquares of EA, CM: 
Therefore, if theſe: equals. be taken away, 
the exceſs by which the ſum of the. three 
firſt ſquares, differs, from the ſum of the 
other three, is equal to the exceſs by which 

the ſquare Le CD differs from the ſquare 


of CK; and therefore the exceſs of the 


ee of Ca, . is p oo to this ſame 
exceſs. | 

. be AB, AC be the Dale 
of any two tranſverſe diameters in an hy- 
perbola, AD,” AE the aſymptotes; and 
draw the ſtraight lines BD, CE touching 


Fig. 25. ” 


it in the points B, C, and meeting the aſymp- 


totes in D, E; therefore, by the 11th def. 
and prop. 30. of this book, BD is equal to 
half the ſecond diameter conjugate to AB ; 
and CE, in like manner, is equal to half 
the ſecond diameter conjugate to AG: It is 
to be proved, that the exceſs of the ſquares 
of AB, BD is equal to the exceſs of the 
ſquares of AC, CE, 

K E Through 


. * 1 


perpendicular to them; Therefore the rect- 
angles AFB, AHC are equal (14 cor. 16. 


30); and, of conſequence, AF is AH, | 


_ ad/HC/to'FB, that is, ſince the trlangles 


are equiangular, as HK to FG; conſe- 


quently the rectangles AFG, AHK ate e- 
qual, and their quadruples are equal: And 
ſince, through the point of contact B, a 


ſtraight line BE is drawn parallel to the a- 


ſymptote, DF, FA are equal; conſequently 


D is equal to AF, together with FG; 
And hence four (8. 2. Elem.) times the 


rectangle AF is equal to the exceſs of the 
ſquares of De, GA. that is, fince the tris 
angles DGB, AGB are right-angled, to the 
_ exceſs of the ſquares of DB, BA. It may 
in the ſame manner be ſhewn, that four 
times the rectangle AHK is equal to the 
exceſs of the ſquares of EC, CA; and four 
times the rectangle AFG, as hath; been 
de is equal to four times the rectan- 
ſt AE £] conſequently the exceſs. of the 


LICL 23 


!oThrough'the points B, C dre BE CH: 
parallel to the aſymptotes, and BG CK 


bees 


„ 
en 


— (Thi HTT ZMB td 


ſquares of DB, BA. is equal to the. excely' we 
the ſquates of KC, CA. 
Bat tif int an kyperbels any rankrerls 

n diameter AB is equal to the ſecond diame- 
ter BD conjugate to iti any other trauſʒ- 
verſe diameter in the ſame hypetbola is al- 
ſo equal to its conjugate ſecond diameter, 
and the angle contained by the aſymptotes 
is a right angle: For ſince DBy BA, and. 
DE, FA are equal, and BF common, in 
the triangles DBF, ABF; the angle BED; 
and' of lodnſcgaener the angle EAD, is a 
right angle: And becauſe EA“ is a right 
angle; the angle CHE is alſo a right angle 
and EH, HA are equal, and CH "colts | 
Kaen en *. GA are _ i a5i8up! 


* 
- # 7 
94 „b: f 39 Iv 
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Tz 


If 8 . vertices 401 two con 5 
jugate diameters, four ſtraight 
lines be drawn touching conju- 


bite n ; the parallelo- 
gram 
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gram formed by them is equal | 
to that formed by the tangents | 


Deyn 


Arawn through the vertices of 


FHF ELTD 9177 
3 any other two conjugate. dias 
* meters. ey 85 Tits AGO 90 e179 
het E 5 TT 5 p15 420 
Tig. 26 Let AB, cb be Woge eee 
debt their vertices draw tangents; meets 
ing each other in K, L, M, N; and let 
EF, GH be any other conjugate diame- 
ters, and through tlie vertices of theſe 
draw tangents, meeting each other in O, 
o figures KLMN, OPQR are 
parallelograms, and equal to each other. 
Let S be the centre of the hyperbola; 


and ſince both KN, LM, and KL, MN are 
(3. cor. 23- 3.) Parallel, che figure KLMN 


iy 


is a parallelogram.” For à like reaſon, 

OPQR'i is a parallelogram : And fince AK, 

CK touch the hyperbolas in the vertices 
of conjugate diameters, the point K where 
they, meet is in an afymptote. In like 
manner it may be ſhewn, that the reſt of 
the. * of the parallelograms are in 
1 : | the 
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the aſymyitotes:z| therefore, the3aGmmpebtes 
arg the diagonals of) the para}lclograms ; 


e the parallelogram KLMN is 


[3  e3.091T9 


e quadruple of the triangle KSN, ang the 


pardneldgfath 'OPOR the” quadfüßle of the 


triangle OSR: But the triangles IN, - 


OSR are equal, becauſe the rectangles ESN, 
OSR are equal 25th of this boak, and 15. 


6. Elem.); therefore tlie parallelograms 


KLMN, OP R are alſo equal. Fhis pro- 
potion might alſo have been demonftratr 
8 ed e e 20. B. 5 : "+ . > fy 1777 8 8 2737 7 


1 70 * | 
% F 1 A b-7 »& 8 1435 14 18 | 34 1 TY +4 $3 2 1 1 9 7 3 x <7 4b 
rd F g 1 * R þ a . 
570 1040 A 413 | 8 
1 N 0 p. xl VI raren“ 
1 = 
1 fer Haq 7 SA; +: 4 "4 £4 457 44 SHE, 
8 ; - — * * 4 >, f 


If, two conjugate diameters of an 
1 ww 6 23.8 2 


"hyperbola. meet a ſtraight line 
„touching the hyperbola, the 


reclangle contained by the ſeg⸗ 


ment of the tangent intercept- 
1 ed between the point of con- 


tact and the conjugate diame- 
"1 N ters, 


« 
— 
# 
2 


WW : mg 7 * 
hn r ee 


5 


8 - rien qual to the ure of 
the ſemidiameter 'conjug ate” 
that diameter Which p P. 175 
uh the point of contad. 


Fig. . Let" e nch l des Je ade dine, 
| | meters, and let a ſtraight line which touch - 
es che hyperbola in F meet them i n the 
points G, H, and let CK be the ſemidia- 
meter conjugate. to CF; the rectangle GFH 
is equal to the ſquare of (K 121 
From the points F, K draw to AB, the 
firaight lines FM, KI parallel to DE: Then, 
| becauſe of the parallels, GM is to NMC, as 
GF to FH; conſequently the rectangles 
GMC, GEH are ſimilar: And becauſe the 
| wiangles SME, CLK are equiangular, GM 
is to GF, as. CL to CK; therefore the 
rektangles GMC, GFH, and the ſquares 
of CL, CK, which are four ſimilar and fi- 
milarly ſituated rectilineal figures, deſerib- 
ed upon the four proportional ſtraight 
lines, GM, GF, CL, CK are likewiſe pro- 
| portionals: : But the rectangle GMC i is e- 
w_ : 


= 
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qual to (38 3.) the reddangle AMB, that 
is, to the (43. 3.) ſquare of CL; there- 
fore the rectangle GFH | is s equal to | the 
ſquare of CK. 5 
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If from a point of a an iopenbgl 2 4 


e be drawn ordinate · 


ſtraight 1 


1 applied to a tranſverſe diame· 
ter, the rectangle contained by 


ce ſeß ments of the diameter 
nad 


8111 


5 BiH between 1 its vertices, 


151 and. the ordinate, 18 to. the 


ſquare of the ſegment of the 
j ordinate intercepted ' bet 
8 the hyperbola and the diame- 


Derr 


1 ter, as the diameter 3 is co its la: 


tus rectum: But if a ſtraight 
line be drawn ordinately appli- 
"$9" 0 the ſecond diameter 6 
the 
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the tranſverſe, the ſum of the 
ſquares of half the ſecond dia- 
meter, and of its ſegment be- 
tween the ordinate and the 
centre, is to the ſquare of the 
ordinate, as the ſecond diame- 
ter is to its Jatus rectum. 


Ler there be a tranſverſe diameter AB, 
and DE the ſecond diameter conjugate to 
it, and let AH be the latus rectum of AB, 


and from the point F in the hyperbola 


draw FC ordinately applied to AB; the 
rectangle AGB is to the ſquare of FG, as 
AB to AH: But FK being drawn ordi- 


nately applied to DE; the ſum of the 


ſquares of CD, CK is to the ſquare of EK, 


as DE to its /atus rectum L. 
Caſe 1. Since AB, DE, AH: are propor- 


tionals (def. 12.), AB is to AH, as the 


ſquare of AB to the ſquare of DE, that is 
(28. 3.), as the- W AGB to the SO 
of FG. ä 
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Caſe a. And ſince DE, AB, L are pro- 
portionals, DE. is to L, as the ſquare of DE 
is to the ſquare of AB, that is (29. 3. as 
the ſum of the ſquares of CD, CK is to the 
n of KF. 


PROP. xvi Tuzor. 


If from a point F in an hyperbola rig. 28. 
_ a ſtraight line FG be ordinately 
applied to a tranſverſe diameter 
AB, and from. the vertex of 

_ that diameter a ſtraight line 
AH be drawn perpendicular to 
AB, and equal to its /atus rec- 
tum ; the ſquare of the ordinate 
18 equal to the rectangle applied 
to the latus rectum, having for 
its breadth the abſciſſa between 

the ordinate and the vertex, 
but exceeding by a figure ſimi- 
”- "BJ 1 


366 AGCONTC' SE TO NS 


r, and Hmthely Btusted, to 
that which is con lalfled by "the 
% Kiempeler and the latus ſeltum. 


nps 3d” IBW J 


Jen BH, and from ths, pains G. gray 
GM parallel to AH, and meeting BH, j an 


M,. and through the point M draw MN 
parallel ro AB, and meeting AH in N; 


and complete the ES WO 
HAH : 


"the 1 ware. of FG, as s AB to 0 8 that is, 
6 1 to GM, that is, as the mage. gle 
"AGB' to the rectangle AGM 1 leere 
daz is to the ſquare of GE Ansel ame 
. AGB to the rectangle AGM ;; eonſequent- 
iy the ſquare of GF is equal to the rect - 
angle AGM, having the abſciſſa AG for 
Its breadth, and applied to the N rectum 
"AH, and exceeding the rectangle HAGO 
by the rectangle MNHO, ſimilar to BAH. 
tom the ſquare of the ordinate being thus 
equal to the exceeding rectangle, or that 
under the abſciſſa and a line greater than 
1 8 F the 
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7 OO.” 1 1 n n * 
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the Seer genen es. ru 
ch ve lag the Jpperbol . 


&a. f is mos te "that the ble of 


GF . be equal to the rectangle AGM, 
dh gh All were not at right angles to 


AB. all: 12910 Dt or Pak 4 Ms x4 4 
HM werb M io 5 9] 5 BNE Mi 
«VI at HA 300855. if > I9LLETEq 
HA R O N xIIx. bros. bas 
3 14 1 Fl 3 
4 e line 'AB being given in Fig. 29 
271 18111 15 (33 1 / 47 


TE [2 BoA ion and magnitude, and a 
point F being given; to de- 
ſeribe an hyperbola, of which 
| e ee be the tranſverſe axis, 
and which may paſs” through 
1 "the point F; but the given 
7 0 point muſt be 1 ſituated, that 
a perpendicular drawn from it 
towards AB ne fall e AB 
1 „ 


5 
fo . 
— & 8 
1 
1 1 
14 1 
- . 
„ 
* 


Draw 


b e D SHB,,,“iiç on 


„Dram FG t right angles to RB, and 
find a ſtraight line DE ſuch &, * 
ſquare of AB may be to that of DE 46 the 
rectangle AGBto the Ie of FG Let 
B, DE biſect each othet at rigtrt age; 
then, with AB, DE as axes, and matting; 
AB the tranſverſe axis; deſeribe an ( Sr 
| hyperbola AF ; this hyperbola will paſs 
(2. cor. 28. 3.) through the point F. 


T1 04: 
Xi nn L. abs. 
$1 #1 & K 4 10 trig "Ty [ie 10 5 
Fig. 29 A Areight line DE being given in 
poſition and magnitude, a and a 


N 


point F being given; to de- 
ſcribe an hyperbola, of which 
2 may be the ſecond axis, 
and which PE 2 un 2 F. 


1 7 7 


Aged DE. in a and -draw fr perpen- 1 


hg 

dieular to DE, and find a Arien line 
$6003 361 La | | ; 2815 AB | 

a5 es HO (1 | UF : 


of | See nats prop a . 1. 
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A duch, ihat che ſqaate of DEE may be 
to that of AB, as the ſum of dhe ſquares ; 
of GN, CH 40 the ſquare of FH; let DE, 
Ah biſecg each, other at right angles; then 
wich the ante AB, DE, and making AB. 
the tranſterſe axis, deſcribe (37. 3.) an hy- 
perbola;; this hyperbola will * through 
the pains F.(2,/ cor, 100 3˙). od19qyd 


Of all tranſverſe diameters 3 in an 
A, g ig 001 13) 


_ hyperbola, the tranſverſe a axis is 
the leaſt ; and the angle con- 
7 : tained ned by any other tranſverſe 
re, and a 1 drawn 


” 0 4 4 * 7 ; * 
6 LA. 1 132 , 1 
wo row 0 
"> - 2 5 0 
7 7 © K 75 2 , 


+> "*% * 
- %* ; 
* l inf> £ © 18 
vY ie 
IF 3 T F — * 4 Z 
Led * * # ad 
* 
* 


ind a firaight line X ſuch, that its ſquare may be 

* to the ſum ef the ſquares of CD, CH (47. 1. E- 

lem.) ; and to the three ſtraight lines X, FH and DE 
find (12. 6. Elem) a fourth proportional, which will be 
the/tranſverſe axis AB. For (22. 6. Elem.) the ſquare 
of X, that is, the ſum of the ſquares of CD, CH is to the 
ſquare of FH, as the ſquare of DE to the ſquare of AB, 
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through its vertex, is leſs than 
I. 2 eue bois Curr: 11 2d md: 
+ id, order. ant} e 201 bas ; elodiog 
8) E 8 2 2721 


Fig. 29. uy "Let IL bes an > byperbel la, CA A the half 
| of i its tranſyerſe axis, and A the half of ar 
ny other tranſverſe diameter; from E, o the 
vertex of CF, draw FG ,perpen' dicular to 

the axis CA; therefore CF is greater than 

CG; and conſequently much greater than 

CA: Draw a ſtraight line touching the 


hyperbola in the point F, and meeting the 
axis CA in K; and ſince the angle CG is 
, (EK muſt be ul more acute. 


Fd 
#1 # =. EF” 4 7 1 : 1 P 5 ? is Fs F * F % 0 4 2 4 
3 2 &, 5 1 * 5 N 1 L 2 4 we z 1 * i 2 1 i # , : F 
Tot 2 Sd ea 
* Four : 2 2 2 1 5 Z J f 1 


E * R 0 Kos $513 9 Pi Hy 4 1 16 


5407 1: 14 e. x6 /51T>viogt ad ,viinsvs 
ate 


E | ny 29 Of an petty AF Sell ig in po- 


3 btion, to find a diameter, the 


Us centre, the axes, 5 aher 
515 totes, and the pet 


ib og ot af 7 sup 

fit gte Vine 
12 SY pO 
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Draw! two parallel ſtraight lines, and let 
them be terminated both ways by the hy⸗ 
perbola ; and the ftraight line which bi- 
ſeQs them is a (3. cor. 31, 3.) diameter; 
uſd 489 Other diameter daß be found in 
thd ſatiie wanner; and the point where 
two diameters thus found meet each other 
is the (4 def . centre. But if two op- 
Police Hyperbofas be given in poſition, the 
point Which bifeQs the diameter firſt found 
3g the centre. Stk gien 10 
Take in We uyberbclt any point F, and 
fromthe centre C draw CF, and with the 
centre C, and diſtance Cb, deſeribe à tir- 
ele; if this circle meet the hyperbola no 
where but in the point F, CF is the leaſt 
of the tratiſverſe diameters, and is, conſe- 
| quently, the tranſverſe axis: Bur if the 
circle meet the hyperbola again in ano- - 
ther point L, join FL, and let it be biz | 
ſected in the point G; join alſo CG, and 
let it meet the hyperbola in A; CA is half 
the tranſverſe axis: For ſince FG, GL are 
equal, FL is ordinately applied to the dia- 
meter CG; and conſequently a ſtraight line 


which 


a SON SE-GTFO MS 


Which ie, draard through the vertex Aga 
rallel to EL touches the hyperbola (33. 3:3 
aud the angle contained, by this tangent, 
and the diameter CA. is a right angle n for 
the 2pgls FCA. is a right. angle; ahereforg, 
be abe preceding propobtion,, CA is e 
tranſyerſe axis. „0e 
Next, in order to find he ſegondb axis, 
draw through, the centre C a ſtraight line 
at right angles to CA, and in that ſtraight | 
line take CD, and let the/iſquares of 
CA have the ſame ratio to the ſquare of 
D, which! the rectangle HGH | has B 
being made equal to CA) to, the 15 of 
GF then CD. will be the ſecond 
js evident from prop. 7. of this be boo 
"Laſtly, having found the 4x65, 
afymptotes from def. 1e 
But if two oppoſite 1 be giren 
105 in poſition, the afymptotes may be fuund 
more eaſily in this manner. Draw through 
the centre C any tranſverſe diameter AB; 
draw ikewiſe a ſtraight line parallel to AB, 
 gnd/ terminated in the hyperbolas in the 
Pointe O, F. and to * ſtraight line OP 
wall s * 
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apply, Obbi Büeg Urekkrchle eg url we 
6 -the ſquare of CA, and deficient by a 
ſquare; which is poſſible, ſince CA is lefs 
than the half of OP (4. cor. 15. 3.); and 
5 let Q: R be the points of application; | 
O (R, when joined, will be che a- 
ſymptotes (3. cor. 1 5. 3.) The * i ate | 
found as in prop. 37. 


20861 gts 8 51 
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by 


IC, 3T&44 [1 R 


The alymptotes of an 3 5 
1 being given in poſition, and a 
Point in it being given; to find 


90a 


the axes of the hyperbola, _ 
to _—_—_ the th aunt axolamy 


bed AG, B be ton rd given in 
Fi icy and D be the given point. Sups 
poſe the problem ſolved, to wit, let FCE; 
GH be the axes, the former of which, 
as it is within the angle ACB, in which 
the Dn D is, muſt be the tranſverſe axis; | 
* N 0 mn | Draw 
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Draw through E a | Abiight Hue zarallet- 
6 CH," and let this parallel meet 'xhe wb 
ſymptotes in the points K, L;ñ conſequedys 
ly KL is equal (10. def. 3. ) to GH, and is 
biſectec in E: And ſince in the triangles 
KEC; LEC'the baſes KE. EE ate equal; and 
the angles at E right angles; the angles 
ECR, ECL are equal : But the angle KCI. 
is given; conſequently its half K CE is gi- 
ven: And KC, and the point C, are given 
in poſition; conſequently |CE is given 
(29. dat.) in poſition: Through the giben 
point D let DM be drawn paralleh to GE, 
and let it meet the aſymptotes in M. N; 
DN is therefore given in (28. dat.) poſi- | 
tion, and the points M. N (25: dat.) are 
given; therefore DM, DN are given in 
magnitude (26. dat.); the rectangle MDN 
is conſequently given in magnitude: But 
the ſquare | of CE is equal to this rectangle 
(1: cor. 1 f. 3.); therefore the ſquare of 
CE is given in magnitude; and eonſe- 
quently CE is given (55. dat.) in magni» 
tude; but, as hath been proved, it is alſo 
given in poſition; therefore the point E 
Sore) and 
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andthe, ſtraight ſine KEIL, ate (27. 20. 
dat.) given in, poſufonʒ and conſequently 
KL. is given in magnitude, becauſe GA, 
CB, are given in poſition: Naw GH is pa- 
rallel and.equal to KL Fonſequently, H 
is given in magnitude; but it is alſo given 
in poſition, becauſe C'is given, which bi- 
ſects ĩt ;. therefore the axes EF, GII are 
given in polition and magnitude: And 
therefore the hyperbola may be deſeribed 
by prop. 37. of this bon. : 
(3 The compoſition i is as follows. / Pet ihe 
angle AO be biſected by the ſtraight line 
CE; and haviog drawn DMN parallel; to 
CE. make the ſquares. of CE, CF each of 
them equal to the rectangle MD; and 
through E draw KEL perpendienlar; to 
Ck, and meeting the ſtraight lines AQ, 
CB in che points K, L; and through C 
let GH be drawn equal and parallel to 
KE“, ſo that it may be biſected in G; 
Then, with the axes EF, GH, and making 
Ek the tranſverſe axis, deſcribe an hyper- 
bola; AC, BC will be its aſymptotes, and 
it will paſs through the point D. For 
N : ſince, 


ſince, by conſtruction, K EL. is equal and 
parallel to the ſecond axis GHz and is bi- 
ſected in E; therefore CK, CL are (def. 


71 ge. 2) the aſymptotes, and che reQangle 


MON; is equal to the Kufgg] of on- 
ſequently the N D is in 751 erbola 


(cor. 20. 3˙). fir AOVIg rod 


And the aſymptotes AC, BO Being gi- 
ven, and à point D of an hyperbolas as 
many points of that hyperbola, or of the 


oppoſite hyperbola, as may be thought 
neceſſary, may be found, N by drawing 


through 55 any number of fri es 
AB, Dab, meeting the aſymptotes i in A, 

B. atid a, &; and taking BO, 50 eqüatte 
Ab. 4D, in rd a manner, that the two 
points D, O, and the two'D, o, may be ei- 
ther” both within or both without the 
points K, B, and a, 5: For then the 
points O, o will be 1 5 ) in the'hyper- 


bolas. 1 bf 11. A nr 9. 975 12 
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T. ſtraight lines ACB, De E, Fig. 375 
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| "Fic 1 biſect each other in 4 
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being given in poſition. | and | 


magnitude; to deſcribe two 
| 3 oppotits/hyperbolas, which may, / 
3 hade A5 for a 


j 


e * and DE. for the ſecond” 's 
SA WET Td 


een nee to AB. . 


tranſverſe Gian 


1011144 . 


be. ni 22361 amy Vs + | Ns "aa 
„bse 8e PR e and let 

Cb, ; CG be the aſymptotes; through A, 
the vertex of the tranſverſe diameter, draw 
a ſtraight line parallel to DE, and, let. it, 
meet the aſymptotes in F, G; therefore, 
FG is (11. def. 3.) equal to DE, and is bi- 
ſected in A: But DE is given in magni- 
tude ; therefore FG is given in magnitude; 
and of conſequence its half AF is alſo gi- 
ven in magnitude: But AF is given (28. 
dat.) in poſition, ſince it is drawn through 


4 
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a;given, point A parallel to DE given in 
Poſition; eonſequentiy the point E. is (27. 
dat.) given: In like manner the point & 
is given; and the point Cs giyen ;, .there- 
fore the aſymptotes CF, 5255 are given in 
7 poſition, and the point Aj is given in the 
hyperbola: And therefore, the hypetbola 
may be deſctibed, by the procecing Propo | 
ſition. 

The compoſition i is as s follows. Through 
the vertex A of the tranſverſe diameter, 
draw a fraight line FAG equal and pa- 
rallel to the ſecond diameter DE, and fo 
that it may be biſected in A; join CF, 
C8. and by the preceding prop. deſcribe an 
hyperbola which may have for its aſymp- 
totes the ſtraight lines CF, CG, and which : 
may paſs through the point A: And, in 
the ſame manner, by employing the point 
B, deſcribe; the oppoſite; hyperbola; AB 
will be a tranſverſe diameter in theſe hy- 
perbolas, and DE the ſecond diameter con- 
jugate to it. 7 

For ſince CE, CG are the ee of 
3 the hyperbolas, and ad through he point 
5 A, 
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A, in che ohe of the hyperbolas, there ig 
draw a straight line FAG, Which is bi- 
ſected i &; FG touches (23. 3.) the hy- 
| perbbla in A: And DE is equal and paral- 
jel tö FS, and is biſected in the centre C; 

therefore DE is the ſecond, or conjugate 


diameter aun del. and 30. 3. * to the trank . 


verR!/AB#71990919 56) 
1406 + 


780. Dns 1 


The — ( —— af; an noel hte: 


ing given in poſition and mag-' 


_ and a ſtraight line which 


ordinately applied to that 


oO from a given point ol . 


| che hyperbola being alſo given 
in os to deſeribe 2 by. 


2 ; 129 
* 
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Caſe 1. When the given diameter is 4 
cranſverſe diameter of the hyperbola. _ | 


Let AB be the given tranſverſe diame- Fig. 31. 
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ter, to bicklla Rraight line; Eg given in 


Wi that the ſum of the rec of * DC may 
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poſition; is ordinately applied from ar g 


ven point H of the hyperbola; ad-, | 


be biſected in C, and through & dr.] 
ſtraight line parallel to HK ; and in thav 
ſtraight line taxe CD aud CE egualcto each 


other, ſo that the rectangle KB maybe 
tothe ſquare of HK, as the ſquarerof (AG 
to the ſquare of CD, or CE; and; by the 


preceding propoſition, deſcribe two oppo- 


ſite hyperbolas, of which AB 15 * = 
tranſverſe diameter, and DE the ſecond 


diameter conjugate to AB ; one of 2 


hyperbolas will paſs iktoligh the point 


(2. cbr. 28. of this bock)! e 2111 


5 Caſe 2. When the er diameter is a 


regt diameter. 1:013359ub. 3 at 
Let DE be the given, a ſecond diameter, 


to which HL given in poſition, and « drawn 


from H, 2 given point in the hyperbola, i is 
ordibately applied; and let DE be biſected 
in C, and through C draw a ſtraight line 
parallel to HL, and in chat ſtraight line 
take CA,and, CB: equal to each, other, ſo 


* 


don renne 11 28K: 
EL., 45 2 2 


—— AC, or CB; and, by 
the preceding propoſition, deſcribe two ak 
polite: byperbolas, having AB for à tranſ- 
verſe diameter, and CD for the ſecond dia - 
meter conjugate to AB: Of theſe; hyper- 
bolas the one which lies on the ſame ſide 
of DE with / the point H, will mt . 


the: point H (2. cor · ag. 3 A aflt 01 
-04q0 0W3 adinatoh , abe 
2 30 1 | ©1310 
1 K OP r. LVI. Tusen. 
bo 140. * D emoviisn 


21 's b- to 30 2 2 


a Cone cur, by 2 ms through, 
the axis, be cut likewiſe by A). 
ſecond plane, meeting its baſe 
in the direction of a ſtraight 
linie perp endicular to the baſe 


: 8 | the triangle through the ax- 
is ; and if the common ed 
of the triangle through the ax - 
is, and the ſecond plane, meet 
* ns of the ſides of the un, 
n "through 
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"through the wixiv-on the other» | 
ide of the ver tex of the Ton; Ir 
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Fig. "i 


$29 Bf 
ation of the ſecond plane, and 
ecthe conical ſurface, is an hy- 
Aperbola, having for a tfhnſverſe 
Alameter the common Tſeaiofn' 
af l the triangle chrou! h 15 5 


STN 


hads and the ſecond, plane. wy 


5 aa bea . _ ro — = 
Ahrand bile: the circle; BC]; :let,jtrbe cut 
triangle ABG be the ſection ; det itibe cut 
allo by another plane, meeting its haſę in 
the direction of the ſtraight line DE per? 
pendicular to BC,, the baſe of the triangle 
ABC; and let the ſection made in the ſur- 
face of the cone be che line Dan a 55 
tber ſtraight line BG, the common 1: | 
of dhe triangle through the, Apis, and the 
ſecond plane, be produced, and meet one 
of: che ſides CA, of . iapgle. through 
the 


oY by 
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the axis, in the point H, g the, oihen ſide 
of HSI: 4 deine DRE 35, 29, hr. 
a Which ee Or one £ pf 5 . 
V; 1 mete IS. 

LS 10 fie dee DEB tabs y Pei 
E. da Aheugb=K ito FG draw KL pa- 
nee ö L. draw, MN 


50 chat i LW pr the cone; and 
therefore the (23. 1.) plane through KL, 
MN ie a git 
ter: But KL is 10. 11. Elem!) perpendi- 
cular to MN, beeauſe DE is perpendicu- 
lar to BC; therefore the rectangle MLN 
is (3 5. 3. Elem.) equal to the ſquare of 
EKL: And in like manner, the rectangle 
BGC is equal to the ſquare of DG ; the 
ſquare of DG is therefore to the ſquare of 
KL, as the rectangle BGC to the rectangle 
MNL: But BG is to ML, as FG to FL; 
and GC is to LN, as GH to LH; there 
fore the ratios compounded of theſe equal 


ratios are equal to one another; and there. 
fore 


irele, of which MN is d diner 644 


o 
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fore the reQangle BGC is to (23. 6. Ex 
lem.) the rectangle MLN, as the rectangle 


FGH to the rectangle FLH : Hence, in 


like manner, the ſquare of DG is to the 
ſquare of KL, as the rectangle FGH to the 
rectangle FLH. Deſcribe, therefore, an 


Hyperbola (55. 3.), of which FH may be 


a tranſverſe diameter, and in which DG 


may be ordinately applied to FH: And 
becauſe, by conſtruction, the point D is in 


this, hyperbola, the point K is likewiſe in 
it (3. cor. 28. 3.). And the ſame thing 


may be proved with regard to all the 


points of the ſection DEF. 


THE END. 
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The plates muſt front the beginning of 
the book, and unfold beyond the letter =_ 
preſs, 3 * 


Plate I. to face page 34 
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Pag. 48. line 18. for AG CH read AG, GH. 


58. 


ERRATA. 


13. for ſurfaces read ſurface, 

16. for plane line read plane a line, 
13, 14. for (3. 3-1 read (33. i. 

10. for prop. 4 read prop. A. 
13. for GF read GE. 
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the Subverſion of the Roman Empire to the Beginning 
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OE , 
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rx Hiſtory of England, from the Invaſion of Julius 
| Ceſar to the Revolution, A new Edition, 
printed on fine Paper, with many Corrections and Ad- 
ditions; and a complete Index, 8 vols. Royal Paper, 
to. with fine Impreſſions of the Plates, 81, 188. d. 
2. Another Edition on ſmall Paper, 4. 108% 

It Another Edition in 8 vols. 8yvo. illuſtrated with 
Plates, 2). 16s, | er. 

The Hiſtory of England, from rhe Revolution to the 
Death of George 11. deſigned as a Continuation of Mr. 
Hume's Aiftory ; illuſtrated with Plates. By T. Smollett, 
5 vols. 8 vo. 11. 15. eee —_ 
The Hiſtory of Great Britain, from the Reſtoration = 
to the Acceſſion of the Houſe of Hanover, By Fames 
Macpherfon, Eſq; the 2d Edition; 2 vols. with a Head 
of the Author, 21. 3 | | 
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Great Britain, from the Reſtoration to the Acceſſion of | 
the Houſe of Hanover: To which are prefixed, Extracts | - 
from the Life of James II. as written by himſelf; pub- | | 
liſhed from the Originals; 2 vols. 21 5s. 1 | 
The Hiſtory of Scotland, during the Reign of Queen 
Mary and of King James VI. till his Acceſſion to tze 
Crown of England; with a Review of the Scottiſb Hiſtory * | 
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Ori inal Papers, 2 vols. to. By William Robertſon, 
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*.* Another Edition in 2 vols. 8vo. 142. 6 
The Hiſtory of the Reign of the Emperor Oharles V. 
with a View of the Progreſs of Society in Europe, from 
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Embelliſhed with 4 Plates, elegantly engraved; 3 vols, 


., Another Edition in 4 vols. 8vo. 11. 48. 
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The Hiſtory of America, vols I. and IT. By Miliam 
Robertſon, D. D. Illuſtrated with Maps. 21. 28. 
2*t Another Edition in 3 vols. 8vo. 1388. 
An Hiftorical Diſquiſition, concerning the Knowledge 
which the Ancients had of- /ndia, and the Progreſs of 
the Trade with that Country, prior to the Diſcovery of 
the Paſſage to it by the Cape of Good Hope. With an Ap- 
pendix containing Obſervations on the Civil Policy— 
the Laws, and Judicial Proceedings—the Arts—the 
Sciences, and religious Inſtitutions of the Indians. By 
William Robertſon, D. D. illuſtrated with Maps. 188. 
The Hiſtory of Greece. By William Mitford, Eſq; 
Vols. I. and II. 11. 198. in boards. . 
7,“ The two Volumes include the Hiſtory of Greece 
from the eailieſt Accounts to the End of the Pelopon- 
neſian War, and it is intended to continue the Hiſtory 
till the Reduction of Achaia into a Proviace of the Re- 
The Fiſtory of Ancient Greece, its Colonies, and Con- 
gueſts; from the earlieſt Accounts till the Diviſion of 
the Macedonian Empire in the Eaſt, including the Hiſto- 
ry of Literature, 4 Fe and the Fine Arts. By John 
Gillies, LL D. F. R. S. adorned with a Head of the 
Author, and Maps adapted to the Work, 4 vols. 3d 
Edition. 11. 8s. F 
A View of the Reign of Frederick II. of Pruſſia, with 
2 Parallel between that Prince and Philip II. of Ma- 
 "eedon; By John Gi/lies, LL. D. F. R. S. and S. A. 
8vo, 78. OD 1 HIFI 
« Thi Hiſtory of the Reign of Philip II. King of Spain. 
By Robert Matſon, LL. D. Profeſſor of Philoſophy and 
Rhetoric, at the Univerſity of St. Andrew. 2d Edit. 
2 vols. 21, 28. ; | | | Os RE, 
„ Another Edition in 3 vols. 8vo. 18s, 
I be Hiſtory of the Decline and Fall of the Roman 
Empire. By Edward Gibbon, Eſq. b vols. which com- 
- plete a Period of Hiſtory from the Age of Trajan and the 
Antonines, to the taking of Conſtantinople by the Turks, 
and the Eſtabliſhment at Nome of the Dominion of the 
Popes; adorned with a Head of the Author, and Maps 
adapted to the Work. 61: 6s. Boards. | 
„ The 4th, 5th, and 6th Vols. may be had ſeparate, 
to complete Sets, 3l. 36. Boards > ns a 
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t+t Another Edit. complete in 12, Vols. 8vo. 21. 128. 
Alſo an Abridgement of this Work for the Uſe of 
young Perſons. 2 Vols. Bvo. 148. 


©, _ . BOOKS printed for T. CAbR Ii, 4 
he Chronology and Hiſtory of the World, from the 
Creation to the Year of Chriſt, 1790, illuſtrated on 56 
Copper-plate Tables, with 16 Maps of Ancient. and 
Modern Geography. By the Reverend John Blair, 
e 31. 138. Gd. : 


The Hiſtory of the Legal Polity of the Roman State; 
and of the Riſe, Progreſs, and. Extent of the Roman 
Laws. By Thomas Bever, LL. D. 4to. Il. 15. 1 er Ms 
An Hiſtorical View of the Englih Government, from 
the Settlement of the Saxon in Britain, to the Acceſſion. 
of the Houſe of Stewart, By John Miliar, Eſq; Profeſſor 
of Law in the Univerſity of Gla/zow, 2d Edition. 11, 18. 
Miſcellaneous State Papers, from 1501 to 1726, in 
2 Vols. 4to. Collected from the Muſeum, Hardwicke, 
and other valuable Collections. 2l. 2222. 
Memoirs of Great Britain and Ireland, from the Diſ- 
ſolution of the laſt Parliament of Charles II. until the 
Capture, of the French and Spaniſh Fleets at Vigo. By . 
Sir John Dalrymple, Bart. zd Edition, with Appendixes 
complete. 3 Vols, 1. 16s. . THI a PER 2 4g 7 ey 
The Hiſtory of England, from the earlieſt Accounts. 
of Time to the Death of George II. adorned with Heads 
elegantly engraved. By Dr. Goldſmith. 4 Vols. 11. 48. 
An Abridgement of the above Book, by Dr. Gold- 
 Fmith, adorned with Cuts. for the, Uſe of Schools: 38. Gd. 
The Parliamentary or Conſtitutional , Hiſtory of Eng- 
land, from the earlieſt Times to the Reſtoration, of King 
Charles II. Collected from the Records, the Rolls f : 
Parliament; the Journals of both Houſes, the public Li- 
braries, original Manuſcripts, ſcarce Speeches and Tracts, 
All compared with the ſeveral cotemporary Writers, and. 
connected throughout with the Hiſtory of the Times. 
With a good Index, by ſeveral Hands. 24 Vols. 8vo. 71.78. 
Grey's Debates, being a Continuation of the above, in 
td Vols. 3l. 3s. „„ J 
Memoirs of the Duke of Sully, Prime Miniſter of 
Henry the Great, Containing the Hiſtory of the Life 
and Reign of that Monarch, and his own Adminiſtration -. 
under him. Tranſlated from the French, To which is 
added, the Trial of Ravaillac, for the Murder of Henry 
the Great. A new Edition. In 5 Vols. 8vo, 11, 10s. 
„ Another Edition, in 6 Vols, 12mo. 1388. 
The Hiſtory of the Public Revenue of the Briti/h.” 
Empire, from the earlieft Accounts to Michaelmas 1788. 
By Sir John Sinclair, Bart. 2 vols. 4to. II. 6s. Ws 
The Lives of the moſt 1 Englißb Poets; with” 
5 LA 2. 8 


BO ORS printed for T. CaDELL.. 
ritical Obſervations on theit Works, By Samuel Johns 
2, LL D. 4 Vols. 11. 48. 5 1 
An Inquiry, hiftorical and critical, into the Evidence 
againſt Mary Queen of Scots ; and an Examination of 
the Hiſtories of Dr. Robertſon and Mr. Hume, with, Re- 
ſpe& to that Evidence. By Milliam Tytler, Eſq; F. R. 8. 
Ed 4th Edit. with very conſiderable Additions, 2 Vols, 148. 
Au Eccleſiaſtical Hiſtory, Ancient and Modern, from 
the Birth of Chriſt to the Beginning of the preſent Cen- 
tury. In which the Rife, Vrogials, and Variations of 
Church Power are conſidered, in thelr Connection with 
the State of Learning and Philoſophy, and the political 
Hiſtory of Europe, during that Period. By the late 
Learned John Lawrence 28 — D. D. Tranſlated, 
and accompanied with Notes and Chronological Tables, 
by Archibald Maclaine, D. D. A new Edition, cor- 
tected and improved. 6 Vols. 21. 28. ; f - 
Roman Antiquities; or an Account of the Manners 
and Cuſtoms of the Romans; reſpecting their Govern- 
ment, Magiſtracy, Laws, Religion, Games, Military and 
Naval Affairs, &c. &c. Deſigned chiefly to illuſtrate the 
Latin Claſfics. By Alexander Adam, LL. D. „„ 
An Hiſtorical and Claſſical Dictionary, containing the 
Lives and Characters of the moſt eminent and learned Per- 
ſons in every Age and Nation, from the earlieſt Period to 
tie beten Tine By Jobn Noorthouck. 2 Vols. 128. 
Bibliotheca Claſſica; or a Claſſical Dictionary, con- 
taining a. full Account, of all the proper Names men- 
tioned in antient Authors. To which are ſubjoined 5 


Tables. of Coins, Weights and Meaſures, in Uie among 


the Greeks. and Romans, By J. Lempriere A. M. of 
Pembroke. Colli ge, Oxford. | 5 
A Philoſophical and Political Hiſtory of the Settlements 
and Trade of the Europeans in the Eft and We India, 
tranſfated from the French of the Abbe Reznall. By 7. 
Juſlamond, M. A. A new Edition, carefully reviſed, ia 
8 Vols. 8vo, and illuſtrated with Maps. 21. 88. , 
Sketches. of, the Hiſtory of Man, by the Author of the 
Elements of Criticiſm,. 4 Vols. 11. Ss. 3d-Edition. 
An Account of the Voyages. undertaken by Order of, 
his preſent Majeſty for making Diſcoveries in the 
Southern Hemiſphere, ani ſucceflively performed by Com- 
modore Byron, Capt. Wallis, and Capt, Carteret, in the 
Dolphin, and Swallcw, and the Endeadour; drawn up from 
the Journals which were kept by the ſeveral Commanders, 
ang from the Papers of 7:/epb Banks, Eſq; and Dr. Solan- 


* 8 


BOOKS printed far 1 5 Ci | F 
y John Hawke eſworth, LL. D. gut TOP with 
8 ing a great Variety of Charts and Maps (in all 53 
Plates) relative to the Countries now fi:{t diſcovered, or 


hitherto but imperfectly known. Price 3}. 128, 
An Account of a Voyage towards the South Pole 


and round the World, performed in his Majeſty's Ships 


the Reſalution and Adventure, in the Years 1772, 1773». 
T1774 and 1775. Written by James Cook, Lommander 
the Reſolutzon, In which is included, Captain Fur- 
neaux's 8 of his Proceedings in the Adventure, 
during the Separation of the Ships, Elegantly printed, 
in two Vols. Royal, Illuſtrated with Maps and 'harts, 
and a Variety of Portraits of Perſons, and Views of 
Places, drawn during the Voyage by Mr. Hodges, and | 
engraved by the moſt eminent Maſters, 2). 125. | 
Proceedings of the Aﬀociation for promoting the Dif- 
covery of the interior Parts of Africa. With a Map of 
the Country. 8vo. 65. 
Travels through Spain, in > the Years 1778, and 1775. 
In which ſeveral Monuments of Roman and Mooriſb Ar- 
chitecture are illuſtrated by accurate Drawings taken on 
the Spot, By Henry Swinburn, Eſq; 2d Edit. 2 Vols. 148. 
Travels in the two Sicilizs. By Henry Swinburn, EI; 
in the Years 1777, 1778, 1779, and 1780. With a Map 
of the two Sicilies, and 22 Places of Views, &c. 2d Edit. 
4 Vols. 11. 8s. 
Travels in 3 in a Series of Letters to . 
liam Melmoth, Eſq; from William Core, M. A. F. R. 8. 


F. A. 8. Rector of Bemerton, &c. &c. &c. 3 Vols. II- 


luſtrated 5 a large Map of 1 and other 
Plates. II. 

Travels 5 Poland, Ruſſia, Sweden, and Denmark, 
interſperſed with hiſtorical Relations and political En- 

uiries, illuſtrated with Maps and Engravings. By 
William Cure, A. M. F. R. S. &c. 5 Vols, 3d Ed. 11. 175. Gd. 

A new Volume, being the 3d in 4to, and the th in gvo. 
of the aboye Work, with a Map of Southern Norway, 
and other Plates. May be h-d \ parate. | 
An Account of the Ruſſian Diſcoveries between Afia 

and America; to which are added, the Conqueſt of Si- 
ze ia, and the Hiſtory of the Trans and Commerce 
between Ry/jra and China. By William Coxe, A. M. 
F. R. 8. IIluſtrated with Charts, and a View of a Chi- 
neſe Town. 3d Edition. 78. 6d. 

A complete Tranſlation of the Count de Safes" s Na- 
tural Hiſtory, . from the 4th Edition in 16 Vols, 470 3 


| BOOES priutad for T. Cavyy. 5 
with occaſional Notes and Obſervations, By Filliag 
S8mellie, Member of the Philoſophical and Antiquarian 
Societies of Edinburgh. Illuſtrated with 300 Copper 
, C90 
A Philoſophical Survey of the South of Fel, in 


Series of Letters to John Watkinſon, M. D. 78. 0 
A Tour in Treland, with general Obſervations on the 
preſent State of that Kingdom, made in che Years 1776, 
1777, and 1778, and brought down to the End of 1779. 
By 4rthur Young, Eſq; F. R. S. 2 Vols. 2d Edit. 14. 
A Tour through Sicih and Malta. In a Series of Let, 
ters to William Beckford, Eſq; from P. Brygone, F. R. 8. 
4 Vols. IIluſtrated with a Map. 3d Edition. 12. 
Obſervations and Reflections made in the Courſe of a 
Journey through France, Italy, and Germany. By H. ſter 
Lynch Pioxzi. 2 Vols. 142. | is 


"Obſervations. made in à Tour from Bengal to Perſia, 


* 


in the Year 5 with a ſhort Account of the Re- 
mains of the celebrated Palace of Perſepolis, and other 
intereſting Events. By William Francilin, Enſign on 
the Hon. Company's Bengal Eſtabliſhment, lately re- 
turned from Perſia. 2d Edition, 8vo. 78. he 
A View of Society and Manners in France, Switzer- 
land, and Germany, with Anecdotes relating to ſome emi- 
nent Characters. By John Moore, M. D. 2 Vols, 7th 
. ̃ ᷣͤ 7-7 . a 
A View of Society and Manners in Tah, with Anec-: 
dotes relating to ſome eminent Characters. By John 
Moore, M. D. 2 Vols. 4th Edition. 142. 1 
A Tour through ſome of the Northern Parts of Europe, 
particularly Copenhagen, Stockbolm, and Peterſburgh, in a 
Series of Letters. By N. Hraxall, Eſq; M. P. 3d Ed. 68. 
A Journey to the Weſtern Iſles of Scotland. By the 
Author of the Rambler. 6s. 7 95 0 
A Journey from Gibraltar to Malaga, with a View of 
the Garriſon and its Environs, &c. &c. Illuſtrated wit 
a View of each Municipal Town, and a Chart, &c. By 
Francis Carter, Eſq: 2 Vols. with a great Number of 
Plates, 2d Edition, 18s, in Boards, 6 


DIVINITY. 


 djaiab, a new Tranſlation, with a preliminary Diſ- 
fertion, and Notes Critical Philological, and Expla= 
natory. By Robert Lowth, D. D. F. R. S. London and 
Boetting, late Lord Biſhop of London. 2d Edit. 11. 127 
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BOOGRS printed for T. CAHBII I. 7 
Tube Four Goſpels, tranſlated from the Greek: with 
preliminary Diſſertations and Notes, Critical and Ex- 
planatory. By George Campbell, D. D. F. R. S. Princi- 
pal of Mariſchal College, Aber dien. 2 Vols. 4to. 21. Tos, 

Sermons on ſeveral Subjects. By the Right Rev. 
Beilby Porteus, D. D. Biſhop of London. 6th Edit. 66. 

An Introduction to the Study of the Prophecies con- 
eerning the Chriſtian Church, and in particular eoncern- 
ing the Church of Papal Fame in twelve Sermons 

reached in Lincoln's-Inn Chapel, at the Lecture of the 
Right Rev. William Warburton, Lord Biſhop of Gloucefler.. 
By Richard Hurd, D. D. now Lord Biſhop of an 1 
The 3d Edition. 2 Vols. 7s. 

Sermons preached at Lincolu's-Inn Chapel, between 
the Vears 1765 and 1776; with a larger Diſcourſe on 
Chriſt's driving the Merchants out of the Temple, in 
Which the: Nature and End of that famous Franfa&ion 
are explained. By Richard Hurd, D. D. Lord Biſhop 


of Morcgſter. 2d Edition. 3 Vols. 188. 
„Ad and 3d Vols. may be had ſeparate, to complete 


Jets. 10s. 6d. in Boards. 

Sermons by Hugh Blair, D. D. one of the Miniſters 
of the High Church, and Profeſſor of Rhetoric and 
Belles Lettres in the Univerſity of Edinburgh, 16th Edit. 
3 Vols. 198. 

„„ The 3d Volume may be had ſeparate, 68. in Boards. 

Sermons by William Leechman, D. D. late Principal 
of the College of Glaſgow ; with ſome Account of the 
Author's Life, and ot his Lectures. By Fames Waedrow, 
D. D. 2 Vols. 14s. 

- Diſcourſes on various Subjects. By Jacob Ducbẽ, | 
M. A. formerly Rector of Chri/!-church Zo St. Peter's, 
Philadelphia ; ; and late Chaplain to the Aſylum for fe- 
male Orphans, in the Pariſh of Lambeth, Surry. 3d 
| Edition, 2 Vols. 14s. 

One hundred Sermons on practical Subjects, extracted 
chiefly from the Works of the Divines of the laſt Cen- | 
tury. By Dr. Burn. 4 Vols. 1). 48. 

Sermons by the late Laurence Sterne, M. A. 6 Vols. 188. 

Sermons on the Chriſtian Doctrine as received by the 
different Denominations of Chriſtians, To which are 
added, Sermons on the Security and Happineſs of a vir- 
tuous Courſe, on the Goodneſs of God, and on the Re-. 
ſutrection of Lazarus. By R. Price; D. D. LL. % 


F, R. 8, &c. 2d Edit, with an e 68. 
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Sermons on various Subjects, and preached on ſeveral 
Occalions. By the. late. Rev. Thomas Francflin, D. . 
4th Egition. 3 Vols. 11. 44. 

Sermons on the Relative Duties, By the ſame. 60 | 
Four Diſſertations. I. On Providence. II. On Pray- 
er, III. On the Reaſons for expecting that virtuous Men 
ſhall meet after Death in a State of Happinefs. IV. On 
the Importance of Chriſtianity, the Nature of Niſtorical 
Evidence and Miracles. By Richard Price, D. D. F. R. S. 

4th Edit. 8 vo. 68. 


Sermons to young Women, By yames Ferdhee, D. D. 
2 Vols. 6th Edit. 75. 7 


Adqdreſſes to young Men. by the ſame Author, 
2 Vols, 88. . 
Sermons by Colin Milne, D. D. Rector of North Chas - 
zel, in Suſſex, and Lecturer of St. Paul's, Deptford. bs. 
Sermons on various Subjects, by the late John Pars. 
ir, A.M, _— corrected from the Author's 88. 
by George Campbell, D D. and Alexander Gerrard, D. D 
4th Edit. 7s. 
A Review of the Principe Queſtions in Morals, By 
— Price, D. D. F. R. S. 3d Edit. corrected. 75. 


"2 alten, Books of Entirtai meu, Poetry, Sc. 


| "Phd Works of the late Right Hon. Henry St. Fubn 
| Lord Viſcount Bolingbroke; containing all his Political 
and Philoſophical Works; a new an elegant Edition. 
5 Vols. 4to. ä 
od op Another Edition in 11 Vols. 8vo. 21. 168. 
">The Works of Francis Bacon, Baron of Verutam, Viſ- 
coligt St. Alban's, and Lord High Chancellor of Eng 
land. 5 Vols. Royal Paper. | 
An Inquiry into the Nature and Cauſes of the Wealth | 
of Nations. By Adam Smith, LL, D. F. R, 8. 3 Vols. 5 
; 11. 18. 6th Edition. 
An Inquiry into the Principles of Political Economy; 
| being an Eſſay on the Science of Domeſtic Policy in Free 
Nations; in which are particularly confidered, Popula- 
tion, Agriculture, Trade. Induſtry, Money, Coin, In- 
tereſt, Circulation, Banks, Exchange, Public Credit, 
Tikes, &c. 1 We James Stuart, Bart. 2 Ws, Royal 
Paper. * 21. 28, Boards. | | 
Eſſays and Treatiſes on ſeveral Subjes. By David 
Hime, Eſq. with his laſt Corrections and Additions, 
2 vols. 4to. II. 168. 
„ Another Edition, in 2 vols. 8y0, 148. 
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Moral and Political Dialogues, with Letters on Chi- 
valry and Romance. By Richard Hurd, D. D. nom 
Lord Biſhop of a 3 vole. 10 $d.. ie ge 

iſRory of Civil Society. By Adam 


An Eſſay on the H 
Ferguſon, LL. D. 3d Edit. 6s. ( | . 5 

Elements of the Science of Ethics on the Principles 
of Natural Philoſophy. By Jobn Bruce, A. M. 6s. 
Eſſays on the Hiſtory of Mankind, in rude and cul- 


tivated Ages. By James Dunbar, LL. D. Profeſſor of 


' Philoſophy in the King's College, and Univerſity, of 
Aberdeen. 6s. | : 29 5 

Memoirs of the Literary and Philoſophical Society of 
Mancheſter. Illuſtrated with Plates. 3 vols. II. 28. 


„ The zd Volume may be had ſeparate, Price 36. 


in Boards, 1 e 

Zeluco. Various Views of Human Nature, taken 
from Life and Manners, foreign and domeſtic. 2d Edit. 
2 vols. 148. | 


Proſe on ſeveral Occaſions, accompanied with ſome 


Pieces in Verſe. By G. Colman. 3 vols. 455. 
The Works of Lucian, from the Greek... By Thomas 
Francklin, D. D. 4 Vols. 11. 48. 


The Theory of Moral Sentiments. By Adam Smith, 


IL. D. F. R. S. 5th Edition. 2 Vols. 146. 


The Elements of Moral Science. By James Brattre, 
LL. D. Profeſſor of Moral Philoſophy and Logic ia 


Mariſchal College, Aberdeen. Vol. 1. 8vo. 78. 


_ The Works of Alexander Pope, Eſq. with his lat 


Corrections, Additions, and Improvements, as they were 
delivered to the Editor a litile before his Death; to- 
gether with the Commentary and Notes of Dr. Far- 


Vurton. Adorned with Cuts, In 9 large Vols. 8 . 


21. 146. Fe | 
The fame in 6 Vols. 12mo. 18s, | 
A complete and elegant Edition of the Engliſh Poets, 


printed in 75 Pocket Volumes, on a fine Writing Paper. 


IIluſtrated with Heads engraved by Bartolszzi, Calatall. 
Hall, Sherwin. &c. &c, with a Preface Biographical and 


Critical to each Author, By Samuel Johnſon, LL. D. 


131. 28. 6d. 3 | 
A new Edition of the Shipwreck, a Poem in three 


Cantos, by a Sailor; with two Plates, wiz..a Sea Charte, 


and an Elevation of a Ship, with all her Maſts, Yard, 


Sails, and Rigging, To this Edition is added, aa Elegy. 


on the Subject. 38. ſe ved. 
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10 | BOOKS printed for 7. CDT 


© The Works of Soam- Feryns, Eſq. including ſeveral 
Pieces never before publiſhed. To which are prefixed 
Mort Sketches of the Hiſtory of the Author's Family, 
and alſo of his Life, By Charts Nalſon Cole, Eſq. with 
a Head of the Author, 4 Vols. II. 

Letters to and from the late Samuel Johnſon, LL. D. 
To which are added ſome Poems never before printed. 
Publiſhed from the Original in her Poſſe ſſion. By Heſter 
Lynch Pizzzi. 2 Vols, 148 

The Works of Mr, Thomſon compleat, elegantly : 

rinted on a' fine Writing Paper, with Plates, and a 
Life of the Author, 3 Vols. 1. 48 _ 

Another Edition, 3 Vols, Crown, 18s. or - Vols, 
common, 7s. | 

The Seaſone, in a T welves Edition, and moſt of his 
Pieces ſeparate. Price only 28. od. 

Another Edition of the Seaſons, in a ſmaller Size, 
Printed on a fine Writing Paper. 48. 

The Triumphs of Temper; a Poem in fix Cantos. 
By William Hayley, Efq. 6th Edition. . 
The Mine, a dramatic Poem, 2d Edition, to which 
are added two hiſtoric Odes. By John Sargent, Eſq. 6s. | 

Elegiac Sonnets. By Charlotte Smith, 5th Edition, 
with additional Sonnets and other Poems, | 

*.* The three laſt mentioned Works are printed in 
a moſt beautiful and uniform Manner, and are all em- 
belliſhed with very fine Plates. 

Eſſays on various Subjects, principally deſigned for 

young Ladies! 'By Mits Hannah More: 38. ſewed. 2d 

Edition. 

Adelaide agd Theodore, or Letters on Education: 
Evntaioing all the Principles relative to the. different 
Plaus of Education, tranſlated from the French of Ma- 
dame la Comteſſe de Genlis. 3 Vols. 10s. 6d. 2d Edit. 

The Moral Miſcellany, or a Collection of ſelect Pieces, 
in Proſe and Verſe, for the Inſtruction and Entertain- 
ment of Youth. 3d Edition. 38. 8 | Te 

An Hiftorical Miſcellany, 3d Edition. 36. | 

The Poetical Miſcellany ; conſiſting of felect pieces 
from the Works of the following Poets, viz. Milton, 
Dryden, Pope, Addiſon, Gay, &c. 2d Edition. 3s. | 

A Father's Legacy to his Daughters, by the late Dr. 
| Gregors of Edinburgh, with a Frontiſpiece, 28. ſewed. 
A Volume of Letters from Dr. Birtenbout to his Son 


ale 5 as VV 5 
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Books 3 fr N. genug, 11 
The Mirror; a Periodical Paper, publiſhed at ZA 
| 17010 in the Vears 1779 and 1 Valuli vin Spocum, 
3 Vols. 8th Edit. $1956 "311.7 

The Lounger; a Periodical 1 Pager. By the Authors 
of the Mirror. 4th Edit. 108. 6d. 

The Adventurer, by Dr. Hitwbſuorehz 4 Video Aber 
Edition, adorned with elegant Frontiſpieces. 128. | 

The Rambler, in 4 Vols. A new and beautiful Edt. 
tie, with Frontiſpieces, and a Head of the Atzen, | 

Vols. 128. 

A complete and elegant Edition of the Works of Lau. 
rence Sterne, M. A. containing his Triſtram Shanay, Senti- 
mental Journey, Letters. &c. &c. Adorned with Plates, 
deſigned by Hogarth, Rocker, Edwards, &c. 10 Vols. 21. 

The Man of Feeling, a Novel: A new Edition. 3. 

The Man of the World, by the Aken of the A 
| of Feeling. 2 Vols. 6s. 

Julia de Roubigne, by the met 2 Vols. 65. | 
Sentimental Journey, 2 Vols. A new 7 Edition wit 
Frontiſpieces. 55. 7 

*,* Another Edition. 38. : 12 

Triſtram Shandy, 6 Vols. 18. | | 

The Receſs; or, a Tale of other Times. By the | 
Author of the Chapter of Accidents. 4th Edit. 3 Vols. 
1 8 
Julia, a Novel; interſperſed with ſome Poetical 
Pieces, By Helen Maria Williams. 2 Vols. 78. 
Letters written in France in the Summer, 1790, to 2 
Friend in England; containing various Aneedotes rela- 
tive to the French Revolution; and Memoirs of Monſ. 
and Madame du F—-. By Helen Maria Williams. 3s. 6d. 
Emmeline, the Orphan of the Caſtle. By Charlatie 
Smith. 4 Vols. 3d Edition. 143. 

Ethelinde; or the Reeluſe of the Lake, by the ſame. 
5 Vols. 2d Edit. 178. 6d. _ 
Celeſtina, a Novel, by the Game 4 Wahn _ * Fro 
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5 on the. Las 6f Du lands By J doe 
Blackflone. With a Head of the Aveher. 4 Vols. 

* Another Edition, in 4 Vols. 8vo. 11. 108. 
| * chiefly relating to the Antiquities of the 
ur England. By Judge Black/tone. 11, 1s. 4 

Reports of Cafes determined in the ſeveral Courts of 
TY: Nninſter- Hall, from 1746 to 1779, Taken and oo 
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fled by the Hon. Sir Vn. Blackſtone, Knt. Publiſhed 
b, his „ue 3 with an Account of his Life. 2 Vols, 
Folio, 31. / 
Caſes fr 2 determined in the High Court of 
 Chamery, in the Time of Lord Chancellor Hardwicke, 
from the Years, 1946-7 to 1755, with Tables, Notes, 
. os By Francis Vezey, Eſq- 2 Vols. 1l. 1s. 
it. | 
be Attorney's Vade Mecum, and Client's Inſtructor, 
treat ing of Actions: (Such as are now molt in Uſe) of 
vroſecuting and defending them; of the Pleadings and 
aw, witn a Volume of recedents. By John Morgan, 
of the Iuner Temple, Barrifter at Law, 3 Vols. 11. 25. 
«The Juſtice of Peace; or complete Pariſh Officer. A 
new Edition, 4 Vols. i]. 105. By Richard Burn, LL. D. 
Eccleſiaſtical Law, by the fame Author. 4 Vols. 11, 8s, 
A new Law Dictionary intended for general Uſe, as 
well as for Gentlemen of the Profeſſion. By Richard 
Burn, LL. D. and continued to the preſent Time by 


” his Son, 2 Vols. 16s. 


A Digeſt of the Law of Actions at N:/ Prius. By 
Jjaac Efpinaſle, Eq. of * Iun, Barriſter at Law, 
2 Vols. . R | | 


Domeſtic Medicine; or a Treatiſe on the Prevention 
and Cure of Diſeaſes, by Regimen and Simple Medicine, 
By n. Buchan, M. D. of the Royal College of Pager 

cians,, Edinburgh. A new f dition. 78 6d. 

, This Treatiſe comprehends not only the Acut 
"bue alſo the Chronic Diſeaſes ; 3 and both are 2 

ut much greater Length than in any Performance of 
the like Nature. It likewiſe contains an Eſſay on 
the Nurſing and Management of 'Children ; with 
Rules for preſerving Health, ſuited to the different 
Sicuations and Occupations of Mankind. And 
Directions for the Cute of Wounds, the Reductioa 

„ df Fractures, Diſlocations, &c. 

Obſervations on the Epidemical Diſeaſes in an 
from the Year 1744 to 1740. With a ſhort Account of 
the Climate, Productions, inhabitants, and Epidemical 
Diſtempers of that, Iſland. By Geo, Cleghorn, M. D, 
Lecturer of Anpiony i in the GO UNS of Dublin. 0k 


Edition. „ NN 
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| Firſt Lines of the Theory and Practice of Philoſophi- 
kal Chemiftry, By John Berkenhout, M. D. 8vo. with 
Wo. f oV 
The Seats and Cauſes of Diſeaſes, inveſtigated by 
Anatomy, in five Books ; containing a great Variety af 


Diſſections, with Remarks, Tranſlated from the Latin 


of Fohn Baptiſt Marganni, Chief Profeſſor of Anatomy 

and Preſident of the Univetſity of Padua, By Benjan: 
D. 300 49 HEME TE 
A full and plain Account of the Gout, from whenoe 
will be clearly ſeen the Folly, or the Baſeneſs of all Pre- 
. _ tenders to the Cure of it, in which every Thing material 
by the beſt Writers on that Subject is taken Notice of; 
and accompanied with ſome new and important Fnſtruc- 
tions for its Relief, which the Author's Experience in 
the Gout above thirty Years hath induced him to impart. 
Buy Ferdinando Warner, LL. D. 3d Edit. 5s. 
A new Inquiry into the Cauſes, Symptoms, and Cure 


of Putrid and Inflammatory Fevers, &c. &c, By Sic 


Wm. Forayce, M. D. 48. | 1155 
The Modern Practice of Phyfic ; or a Method of ju- 
dicioufly treating the ſeveral Diſorders incident to the 
Human Body ; together with a Recital of their Caufes, 
Symptoms, Diagnoſtics, Prognoſtics, and-the Regimen 
neceſſary to be obſerved in regard of them. 2 Vols. By 


7ohn Ball, M. D. 3d Edit. corrected and enlarged. 108. ; 
A Collection of Caſes and Obſervations in Midwifery. 


By Vn. Smellie, M. D. 3 Vols. with Cuts, il. 8s. 
An Account of the Methods purſued in the Treatment 
of cancerous and ſchirrous Diſorders, and other Iudu- 
_ rations. By J. O. Juſtamond, F. R. S. and Surgeon ta 
the M fminſier Hoſpital. 3s. fewed, _ 5 


Phils/ophy, Mathematics, Mechanics, &c, Cc. 


Aſtronomy explained upon Sir 1/aac Newton's Princi- 


ples, and made eaſy to thoſe who have not ſtudied the 


| athematics. To which is added, the Method of find- 
ing the Diſtance of the Planets from the Sun by the 
Tranſit of Venus over the Sun's Diſk in the Year 1761. 


Tueſe Diſtances deduced from that Tranfit; and an 


Account of Mr. Horrox's Obſervations of the Tranſit 
in the Year 1639, Illoſtrated with. 28 Copper-plates. 


o 


A new Edition. '8vo.. "gs. : 
An eaſy Introduction ro Aſtronomy, for young Gen- 
tlemen and Ladies ; deſcribing the Figure, Motions, and 


„„ 
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„ . BOOKS printed for T. Canpeit. ..* , 
Dimenſions of the Earth ; the different Seaſons, Gravity 
and Light; the Solar Syſtem ; the Tranſit of Venus, and 
zis Uſe in Aſtronomy; the Moon's Motion and Phaſes, 
the Eclipſes of the Sun and Moon; the Cauſe of the 
Ebbing and Flowing of the Sea, &e. 3d Edit. 56. 
Tables and Tracts relative to ſeyeral Arts and Sci- 


: 4 ences. 58. | 


An Introduction to Electricity, in 6 Sections, 1. Of 
Electricity in general. 2. A-Deſcription of the Electrical 
Machine. 3. A Deſcription of the Apparatus (belonging 
to the Machine) for making Electrical Experiments. 4. 
How to know if the Machine be in good Order for per- 
Forming the Experiment, and how to put it in Order if it 

be not. 5. How to make the Electrical Experiments, 
and to preferve Buildings from Damage by Lighting, 
6. Medical Electricity. Illuſtrated with Plates. 4s. 15 
Lectures on ſelect Subjects, in Mechanics, Hydroſta- 
ties, Pneumatics, and Optics, with the Uſe of the Globes, 
the Art of Dialling, and the Calculation of the Mean 
Times of New and Full Moons and Eclipſes. 78. 6d. 
Select Mechanical Exerciſes, ſhewing how to conſtruct 
different Clocks, Orteries, and Sun-Dials, on plain and 
£2 73 Principles. With ſeveral Miſcellaneous Articles and 
Tables. Illuſtrated with Copper-plates. To which is 
prefixed a ſhort Account of the Life of the Author, 58. 
The fix preceding by James Ferguſon, F. R. S. 
Obſervations on reverſionary Payments; on Schemes 
ſor granting Annuities to Widows, and to Perſons in old 
Age; on the Method of finding the Value of Aſſurances 
7 Lives and Survivorſhip and on the National Debt. 

o which are added, new Tables of the Probabilities of 
Life; and Eſſays on the different Rates of Human Mor- 
tality in different Situations; the Influences of great 
Towns on Population; the Increafe of Mankind; and 
ether Subjects in Political Arithmetic, and the Doctrine 
of Annuities, By Richard Price, D. D. F. R. S. A 


1 


new Edition. 2 Vols. 8 vo. 156. W 
Te Doctrine of Annuities and Aſſurances on Lives 
and Survivorſhips, ſtated and explained. By William 
Morgan, Actuary to the Society for Equitable Aſſurances 
on Lives and Survivorſhips; to which is added an In- 
troduction, addreſſed to the Society; alſo an Eſſay on 
the preſent State of Population in England and Walei. 
By the Reverend Dr. Price. bs. F 


| 
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4 Agriculture, Botany, Gardening, & c. 


The Univerſal Gardener and Botaniſt; or a general 
Dictionary of Gardening and Botany; exhibiting in Bo- 
tanical Arrangement, according to the Linnzan Svſterny 
every Tree, Shrub, and herbaceous Plant that merit 
Culture, either for Ornament or Curioſity, in every 
Department of Gardening, compriſing accurate Ditec- 
tions, according to real Practice, for the Managemeat'of 
the Kitchen Garden, Fruit Garden, Pleaſure Ground, 
Flower Garden, Nurſery, Plantations, Green Houſe 
Hot Houſe or Stove, Hot Beds, Forcing Frames, Hot 
Walls, and Forcing in general ; deſcribing the proper 
Situations, Expoſures, Soils, Manures, and every Mas 
terial and Utenſil requiſite in the different Garden De- 
partments ; together with Practical Directions for per- 
forming the various mechanica] Operations of Garden» 
ing in general. By Thomas Mae, Gardener to his 
Grace the Duke of Leeds (Author of the Gardener's 
Calendar). II. 75. „„ 
The Complete Farmer; or a general Dictionary of 
Huſbandry in all its Branches; containing the various 
Methods of cultivating and improving every Species of 
Land, according to the Precepts of both the old and new. - 
Huſbandry. Third Edition, corrected and improved, 
illuſtrated with Copper- plates. il. 56. 2 
Practical Eſſays on Agriculture. Containing an Ac- 
Count of Soils, and the Manner of correcting them 
an Account of the Culture of all Field Plants, inclugs 
ing the Artificial Graſſes, according to the old and new 
Modes of Huſbundry, with every Improvement down 
to the preſent Period; alſo an Account of the Culture 
and Management of Graſs Lands; together with Ob- 
ſervations on Encloſures, Fences, Farms and Farm 
Houſes, &c, Carefully collected and digeſted from the 
moſt eminent Authors, with experimental Remarks. By 
James Adam, Eſq. 2 Vols. 148. FR | 
Every Man his owa-Gardenerigabeing a new and much 
more complete Gardeger's CalendaFahan any hitherto 
ubliſhed ; containing not only am Account of what 
Fork is neceſſary to be done in the Hot Houſe, Green 
Houſe, Shrubbery, Kitchen, Flower and Fruit Gardens, 
for every Month in the Year, but alſo ample Directions 
for performing the ſaid Work, according to the newelt 
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und moſt approved Methods now in Practice amongſt | the 
beſt Gardeners. In this Edition particular Directions 
are given with reſpect to Soil and Situation. And to the 
Whole are added complete and uſeful Liſts of Foreſt- 
Trees, Flowering Shrubs, Fruit Trees, Evergreens; 
Annual, Biennial, and Perennial Flowers; Hot-houſe, 
Green- houſe, and Kitchen Garden Plants; with the 
Varieties of each Sort, cultivated in the Englih Gar- 
dens. By Thomas awe, Gardener to his Grace the 
Duke of Leeds ; and other Gardeners. 6th Edit. 56. 
Te Rural CEconomy of Norfolk; compriſing the 
Management of Landed Eftates, and the preſent 5 
no of Hufbandry in that County. By Mr. Marſhall, 
2 Vols. 145. 

The Rural Cfconomy of Yorkſhire, by the lame. 
2 Vols. 143. 

Synopſis of the Natural Hiſtory of Great Britain and 
Treland. Containing a ſyſtematic Arrangement and 
conciſe Deſcription of all the Animals, Vegetables, and 
Foſſils, which have hitherto been diſcovered in thefe 
Kingdoms. By John Berkenhout, M. D. 2d Edition. 
2 Vols. 128. 

Clavis Anglica Linguæ Botanice i; or a Bocanicad 
Lexicon. In which the Terms of Botany, particularly 
thoſe occurring in the Works of Linnzus, and other 
modern Writers, are applied, derived, explained, con- 
waſted and exemplified. By John Berkenhout, M. D. 
ad Edition. 6s. 

Hiſtorical and Need Skerches of the Progreſs 
of Botany in England, from its Origin to the Intro- 
Juction of the Linnzan Syſtem. By Richard fan 
wy: D. F. R. S. 2 Vols. 128. 
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